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2 SHORT REVIEW OF DIFFERENTIAL TOPOLOGY

1 INTRODUCTION

These are the lecture notes based on the lecture MATH-344 about Riemannian geometry given by
Prof. Giorgios Moschidis at EPFL during the spring semester of 2026. The lecture covers the following
topics:

* Riemannian metrics: Inner products on tangent spaces enabling length and distance measurements
* Connections and geodesics: Generalizing straight lines to curved manifolds

* Curvature tensors: Quantifying how manifolds bend

Metric structure: Including the Hopf-Rinow theorem relating geometry to topology
* Hypersurfaces: Geometry of submanifolds
* Comparison theorems: Relating geometry to topology

The course extends Euclidean geometry concepts to the broader setting of Riemannian manifolds,
essential for applications in PDEs, differential geometry, and theoretical physics. As a reference, the
reader may consult [Car92]. The prerequisite is differential topology at the level of the Differential
Geometry II course at EPFL, [TR24], which is based on [Lee03]. Another popular reference is [Lee18].

2 SHORT REVIEW OF DIFFERENTIAL TOPOLOGY

(Lecture 1)

The following section is a quick revision of the material covered in Differential Geometry II at EPFL,
[TR24].

Definition 2.1 (Smooth Manifold). A differentiable (or smooth) manifold of dimension n is a
Hausdorff, second countable topological space M such that there exists a collection of open sets
{Ua}aeca of M and homeomorphisms ¢, : U, — ¢,(U,) € R" with the following properties:

1. UgeaUa = M

2. Forall a,b € A such that U, N Up, # 0, the map ¢, o ¢;1 is a smooth diffeomorphism
between open subsets of R".

3. The collection {U,, ¢} is maximal.

We will write M" to indicate the dimension of the manifold.

Remark 2.2. We recall some facts.
* The dimension is locally constant (invariance of domain theorem).

* We call {U,, ¢4} a coordinate chart. and ¢, a parametrisation.
s We call (x!,...,x") = ¢, or more explicitely x' : U, — R, p — [¢4(p)]’ the local coordinates.
* ¢1 0 ¢, is called a transition map or coordinate transformation.

* {Uy, Pataca is called an atlas, if it satisfies 1) and 2). If it also satisfies 3), we call it a differentiable
structure.

 The Hausdorff property is needed to guarantee the uniqueness of limits, which is important for
defining continuity and smoothness.
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* The second countability condition (existence of countable basis of open sets) is needed to
guarantee the existence of partitions of unity,

Definition 2.3 (Partition of Unity). Let {U,, ¢,} be an atlas on a mfd. M. A partition of unity
subordinate to {Uy, ¢} is a collection of smooth functions {yg : M — R}gep such that:
1. VBda s.t. supp xp C U,

2. For all B, supp xg N supp xy # 0 for finitely many .

3. Xpxp=1, which is a finite sum, due to 2.

Remark 2.4. In our settings, partitions of unity always exist. We only consider manifolds that are
locally Euclidean, Hausdorff, and second countable. This implies paracompactness, which in turn
implies the existence of partitions of unity.

Definition 2.5 (Smooth function). A function f : M™ — N" is called smooth if its expression
in any local coordinate charts f =y o f o ¢! : p(U) — (V) is smooth. The same applies to
continuity, Holder continuity, and continuous differentiability of order k.

Remark 2.6. It is enough to check the smoothness of f in one local coordinate chart, due to the
smoothness of transition maps.
If the transition maps were merely C¥, we could only talk about C* functions at most.

Functions (and in fact also all covariant tensors, like k-forms) can be pulled back via smooth maps
while vector fields (and in fact also all contravariant tensors, like vector fields) can be pushed forward
via certain smooth maps.

Definition 2.7 (Pullback of a function). If f : M — N is smooth, then for all A : N — R, we can
always define the pullback of & via f by

ffh:M —>R
p = ho f(p).

The pullback f*: CK(N) — C*(M) is an R-linear map.
We will introduce tangent vectors now. We can view a tangent vector as a direction of differentiation
or as a differential operator of a smooth function.

Definition 2.8 (Tangent and Cotangent Space). Let M be a smooth manifold of dim n, p € M,
and f, g € C®(M). A tangent vector v at p is a linear map v : C*°(M) — R satistying the Leibniz
rule

v(fg) =v(fHglp) + f(p)v(g)

The R-vector space of tangent vectors at p is then denoted by 7}, M.

The space T), M has dimension n, with a natural basis given by the tangent vectors along the coordinate
curves.

Definition 2.9 (Coordinate basis vectors). Let M, n, p, f, g, v be asabove. We define the coordinate
basis vector

0
Ox?

0
1= 5atre0)

¢(p)
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is a basis of T, M.

i=1

n
Lemma 2.10 (Basis of 7, M). The set {%| }

Proof. See chapter 3 in [TR24] o
We define the dual notation.

Definition 2.11 (Cotangent space and differential of a function). The dual space of T), M is called
the cotangent space and is denoted by 7, M. For f € C* (M), the differential of f at p is the linear
map df, : T,M — R defined by

df, () = v(f).

So we have df), € T,M.

Lemma 2.12 (Basis of 7;; M). The set {dx'|,,}; consisting of the differentials of the coordinate
functions x' : U ¢ M — R is a basis of T, M.

Proof. See chapter 8 and appendix C in [TR24] O

In local coordinates: {dx'}, is the dual basis of {%}?: ,» as we have

dx’ (i) = i(Jc") = 511

Oxi |~ OxJ

In the following we will use the Einstein summation convenction, which implies summation over

repeated indices. For example, we write
0

oxt

n ia
V:;Vaxi

as the dimension n is usually clear from the context.

v=1'

instead of

Definition 2.13 (Vector Field and Covector Field / 1-form). A vector field is an assignment/map
X : p — v € T, M that is smooth in local coordinates/when written in the coordinate basis

ia
v=v'—

oxt’
We write I'(TM) for the set of all vector fields on M.

A covector-field or (differential) 1-form is an assignhment/map w : p = w,, € T, M that is smooth
in local coordinates/when written in the coordinate basis

wp = w;dx'| .

We write I'(T*M) for the set of all covector fields on M.

The next result is easy to show, but nevertheless important.
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Lemma 2.14 (Change of Coordinates for vectors and covectors).
Ay
dy' = — dx/
YT ox
0 _o o
dxi ~ Oxi dyJ
Proof. See chapter 3 in [TR24]. i

Remark 2.15. This allows to translate a tangent vector (field)

;99

=P/ —

v=v— .
ox! oy’

from the x’ to the y’ coordinates. From the lemma we find

i Oxt
J = -~y
oyl

i

<t

and similarly for a covector field.

One can also easily recover the components v’ from the vector field v by evaluating v on the coordinate
functions:

vi=v(x’)

N
@iz Oxt

We introduce the differential of a map, which can be interpreted as its linearisation at a point.

and similarly for a covector field w:

Definition 2.16 (Differential / pushforward of a Map). Let F : M — N be a smooth map. The
push forward or differential F, or dF : T,M — Tg(,)N is defined by

dF(v)(h) =v(ho F).

In local coordinates this is the Jacobian matrix of F, [dF]{ = 9FZ Equivalently, if y : (—€,€) = M is
b dx
a curve with y(0) = p and y(0) = v, then

dF, (y(0)) = %(F o y)(1)

1=0
Definition 2.17 (Immersions, Embeddings, and Diffeomorphisms). We introduce three important
types of maps, based on the rank of the differential dF.

* F is an immersion if dF is injective.

* F is an embedding if it is an immersion and a homeomorphism onto its image.

* F is a diffeomorphism if it is bijective and both F and F~! are smooth.

Theorem 2.18 (Inverse Function Theorem). If F : M — N is smooth and dF : T,M — Tg(p)N is
* injective = locally around p F is an embedding




2 SHORT REVIEW OF DIFFERENTIAL TOPOLOGY

| * bijective = locally around p F is a diffeomorphism

Proof. See Theorems 4.8 and 4.14 in [TR24]. mi
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3 RIEMANNIAN METRICS

(Lecture 2)

Definition 3.1 (Riemannian Metric). A Riemannian metric g on a manifold M of dimension n is a
map g, : TpM x T, M — R at every point p € M such that:

1. g, is bilinear: g, (aw + Bu,v) = ag,(w,v) + Bg,(u,v) forall @, € Rand u,v,w € T,M
2. gp is symmetric: g, (w,v) = g, (v, w)
3. gp is positive definite: g,,(v,v) > 0 with equality iffv = 0

4. gp is smooth: p — g, is smooth in any local coordinate system (see below).

We will sometimes use the notation (v, w) := g(v, w) for the metric.
g is a section of the bundle of covariant 2-tensors on M. Therefore it can be written in local coordinates

as
g = gijdxi ® dxj (31)

and the components g;; can be found by

N N
8ij =8 ax’ oxi |

This is what the smoothness condition means: g;; are smooth functions. And in our convention, they
live on the manifold M. The matrix of components [g;;] is symmetric, positive definite. We would
like to remark, that some people also omit the ® symbol and write g = g;;dx'dx/.

Lemma 3.2 (Change of coordinates for metric components).

. 0y oyl
g”ﬁﬁ = 8ab
Proof. See exercise 1.3. O
In matrix form: ,
N ox ox
(8] = [E)_y] [g] [E)_y]

Definition 3.3 (Euclidean Metric). Let M = R”, then we define the Euclidean metric (or flat
metric) gg (or grn) to coincide with the Euclidean inner product on R™:

ge (v,w) :== (v, W)pn .

This means that its components are given by

Ox! Ox? oxn’  ox! OxJ oxn
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Expanded in the Euclidean standard basis, we have
gE = dx’ ® dx’

or also written as (dx')% + - - - + (dx™)2.
When expanding the same metric in polar coordinates x = r cos 6,y = rsiné (on RZ), we get

3p =dr @ dr +r2do ® do.

See exercise 1.3 for a derivation.

We make the following informal but nevertheless useful definition.

Definition 3.4 (Geometric property). A geometric property is a property that is invariant under
changes of coordinates.

More concretely: objects in M or T, M (or products and sections thereof) that can be described in
different coordinates may have such properties.
Examples of such properties are

* Smoothness of a function, (co)vector field, or metric.

* Norm of a tangent vector
[l == Vg (x, x)

* Angle / between two non-zero vectors

cos (£(u,v)) = £V

lJuel[ - 11

* Length of a curve (see lemma 3.6)

3.1 LENGTHS AND DISTANCES

A curve y : (a,b) — M is called piecewise CX if it is continuous and there exist tp =a < #; < -+ <
t,m = b such that
Vs 18 CE Vi=0,...,m—1.

Definition 3.5 (Length of a curve). Lety : (a,b) — (M, g) be piecewise C!. Then the length of
v is
b
1= [ vl dr
Technically to define the length, absolute continuity, or y € W'-!(a, b) would be enough.

Lemma 3.6 (Characteristics of the length functional). The length functional has the following
properties:

1. I(y) > 0,and "="iff y is constant.

2. Additivity: If y : [a,b] —» M, ¢ € (a,b):
LY lia.p)) = 1(Y]1a.c) + 1Y [e.p])

3. Invariant under reparametrization: If & : (¢, d) — (a, b) is piecewise C!, monotone and
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onto, then
[(y oh)=1(y)

Property 3 shows that the length is a geometric quantity, independent of the parametrization.

Proof. See exercise 2.1. O
Definition 3.7 (Riemannian Distance Function). Let (M, g) be a Riemannian manifold; p, g € M.
We define the Riemannian distance function:

dg : M XM — [0,+00]

(p.q) — inf {I(y),y piecewise C',y(0) = p,y(1) = g}

The Riemannian distance has the following properties.

Lemma 3.8. The distance function satisfies dg(p, ¢) = +0 iff p, g belong to different connected
components of M.
Further, (M, dg) is a metric space, i.e.

* dg(p.q) = dg(q. p)
C dg(p,Q) < dg(P’Z)"'dg(Z’q)
de(p,q) 20

de(p,q) =0 & p=g¢q

Proof. See exercise 2.2.

3.2 INTEGRATION ON RIEMANNIAN MANIFOLDS

Let (M, g) be a Riemannian manifold and 4 € C°(M). We want to define the integral:

[

This itself makes no sense a priori, as there is no natural notion of integration of functions on manifolds.
One can only meaningfully integrate differential forms over manifolds. We will therefore use the
metric to define a volume form, which we can use to integrate functions.

Definition 3.9 (Integral over a chart domain). Let (U, ¢) be alocal coordinate chart, with associated
coordinates (x!,...,x™"). We define

-/U hdvg = —/tb(U) h (¢_1(x)) det [gi;(x)] o ¢ Vdxt A A dX®

The wedge-product integral on the right-hand side is the usual integral on R", i.e.
fdel Ao adx" = fdxteodx”,
¢(U) o (U)

as explained in Definition 11.11 in [TR24].
Here, h o ¢~! is the coordinate representation of , and +/det[g;;] is the volume density.
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The volume form of (M, g) is the top-form dV, expressed in local coordinates by

dVy = y[det[gij] o™ dx! Ao A dx™

Integrating hdV, over U is well defined, see Definition 11.11 in [TR24].

Attention: the d in dV, does not mean this is a differential. It is an abuse of notation make the integral
look like to usual one on R”.

Furthermore we want to remark that the above definition assumes that g;; are functions on M, not R".

We can now glue the charts together to get an integral over M.

Definition 3.10 (Integral over M). Let {x4}aca be a partition of unity, such that supp x, is
contained in some local coordinate chart U,. Then we define

/Mthg:=Z/Uh-XadVg

acA

Lemma 3.11. The above definitions are coordinate independent.

Proof. See exerise 1.5, and chapter 11 in [TR24]. i

As functions, metrics can be pulled back via smooth maps, which allows to define new metrics from
old ones.

Definition 3.12 (Pullback of a Metric). Let F : M — (N, g) be an immersion. We define
Vp € M,Vx,y € T, M the pullback of g via F by

F*g(x’y) = g(de(x),de(y))

We also say that F*g is the metric induced on M by F.

Lemma 3.13. F*g is a Riemannian metric.

Proof. It is obviously symmetric and bilinear. Positivity (using that F is an immersion): F*g(x,x) =
g(dF(x),dF(x)) >0,"="iff dF(x) =0 < x=0. m|

In local coordinates one gets

. 0 0 AF*  OFb
Fai=s (dF (a_) dF (a—)) = o Sab T

In exercise 1.4, we derive this for the case where g is the Euclidean metric.

In exercise 2.3, we pull back the Euclidean metric to the sphere via the stereographic projection and
get the so called round metric. This exercise also shows that sometimes, when pulling back the Euclidean
metric in particular, it is easier to use the fact that

gE = dx' ® dx’

together with the fact that the pullback of a tensor product is the tensor product of the pullbacks, i.e.
in this case F*gr = F*dx' ® F*dx'. This is a very straight forward generalisation of Lemma 8.19)b) in
[TR24).

10
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Example 3.14. Let M be the graph of a function:
f:R*"!' SR inR™
In local coordinates (x!,...,x"*~!) on M, f induces an immersion
F(xl, .., x" Y=t et LX),
So we have " of
— = (0B B2
This gives us the following induced metric on M:
(F*gE)ij = 8E (% 371?) =05 + %%

3.3 ISOMETRIES AND MUSICAL ISOMORPHISMS

We recall the following inner-product preserving map on linear spaces.

Definition 3.15 (Linear Isometry on Tangent Spaces). LetT, M and T, N be tangent spaces equipped
with metrics g and h, respectively. A linear map L : T,M — TN is a linear isometry if

h(Lv,Lw) =g(v,w) forallv,weT,M.

With this, we can define metric preserving maps between Riemannian manifolds.
Definition 3.16 (Isometries). Let F : (M, g) — (N, h) be a smooth map.

* Fisalocal isometry if dF), : (T,M,g,) — (Tr(p)N, h) is a linear isometry for all p € M.

* F is a global isometry if it is a local isometry and bijective. In this case (M, g) and (N, h) are
geometrically identical.

* F islocally conformal if dF), is bijective and F*h = Ag for some 1 € C*(M), A > 0.

Local isometries (i.e. their differentials) preserve norms and angles, locally conformal maps (i.e. their
differentials) preserve angles.

F being a local isometry implies that dF), is bijective and hence F is an immersion and hence a local
diffeomorphism.

If dF), is a linear isometry for all p € M, then

(F*h),(v,w) = hp(p)(dFpv,dF,w) = g,(v,w) forallv,w e T,M.

Hence,
F*h=g.

Lemma 3.17. If F : (M,g) — (N, h) is an isometry of metric spaces, then F is smooth and a
Riemannian isometry.

Proof. Was skipped in the lecture. m

11
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Theorem 3.18. If M is a smooth manifold, then it admits a Riemannian metric.

Proof. Let {Ug, ¢pa}aca be an atlas on M and let {xg}scp be a subordinate partition of unity, i.e.
VB € B: xp e C*(M,[0,1]),supp xg € Uy (p) for some a(B) € A, supp xg Nsupp yp # 0 for finitely
many 3, 2.p xp = 1.

For all 8 € B: On U, (g) consider the metric gg = ¢
Set g =2 x5 8p-

Then, g is well-defined (finite sum at every point). In addition, g is symmetric, bilinear. What is left is
to check positive definiteness. We have

a(p)8E-

glx,x) >0 VxeT,M

and further
gx,x)=0 Z)(/g -gp(x,x) =0
B

which implies that for all 8
xp - 8p(x,x) =0.
And this means that if y3(p) # 0 for some g, then

gg(x,x) =0 = x=0.

Lemma 3.19 (Musical Isomorphism). Let (M, g) be a Riemannian manifold. For any 1-form
w € T(T*M), define the vector field w* € T'(TM) by the condition

g(X, 0" =w(X) VX e T(TM).

Due to positive definiteness of g, this vector field is uniquely defined. Then we have in local

coordinates
(") = g"w;,

where (g'/) is the inverse of the metric matrix (g;;).

Proof. See exercise 3.4a. O

Definition 3.20 (Gradient of a Function). Let (M, g) be a Riemannian manifold and f € C*(M).
The gradient Vf € I'(TM) is defined by g(Vf, X) = df(X) for all X € ['(TM), or equivalently

Vf = (dH¥*

ijof o

.7 57> Where (g'") is the inverse of the metric matrix (g;;). See also

In local coordinates, Vf = g
exercise 3.4b.

Lemma 3.21 (Induced Metric on Cotangent Space). Let (M, g) be a Riemannian manifold. Define
a (2,0)-tensor g on 1-forms by

gw1,w) = g(w],w§) Vwr,w; € T(T"M).
Then g is symmetric and positive definite. In local coordinates, its coefhicients are

~ij o 0]
gj_g]’

12
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| where g'/ is the inverse matrix of the metric coethcients g;;.

Proof. See exercise 3.4c. O

13



4 TENSORS

4 TENSORS
(Lecture 3)

Definition 4.1 (Tangent bundle). The tangent bundle is the disjoint union of all tangent spaces of
M;
™ =| | T,M
PEM

and admits a natural projection map 7 : TM — M, (p,v) — p

Lemma 4.2 (Properties of 7M). It naturally has the structure of a smooth manifold of dimension
dim(TM) = 2dim(M).

If (U, ¢) is a local coordinate chart on M with coordinates (x!,...,x"), then the tangent bundle
TU = ||,ey TpM inherits a coordinate chart defined by

¢:TU — R*"
(p,v) > (xl(p),...,x"(p),v1,...,v")

where v = v/ %| p are the components of v in the coordinate basis at p.
Interestingly, one can show that any section, i.e. any vector field X : M — TM, is an immersion!

Proof. See chapter 3 of [TR24] and exercise 3.2. mi

So locally: TM looks like the product U x R". But not necessarily globally, see example below.

Example 43. M = S!, then TS! = S! X R (the tangent bundle is trivial). But 7S? is not a product
bundle (it is a non-trivial vector bundle).

Remark 4.4. As a manifold, TM is always homeomorphic to an open neighborhood of the diagonal A
inMXxM.

M

(Given a Riemannian metric, this identification follows using the exponential map, introduced later.)
So for any two differentiable structures on M, the corresponding tangent bundles are homeomorphic
as manifolds and they have the same homotopy invariants.

14



4.1 Tensors at a point p 4 TENSORS

Definition 4.5 (Vector Field). A vector field X is a smooth section (=right inverse) of the projection
map 7 of the tangent bundle TM, i.e., a smooth map

X:M—TM, p— X,eT,M.

In other words given the bundle projection 7 : TM — M, we have 7 o X = idyy.
Recall, that the set of all vector fields on M is denoted by I'(TM) (or sometimes by I'(M) or
X(M)).

['(TM)isa C®(M) module. If f € C*(M), X €e ['(TM), then fX € I'(TM). This means that I'(T M)
is a module over the ring C®(M): we can multiply vector fields by smooth functions and add them
together, and these operations satisty the expected properties. This structure is fundamental to differ-
ential geometry, as it allows us to work with vector fields as objects that can be scaled by functions and
combined linearly.

Similarly for 7*M, we can define the cotangent bundle.

Definition 4.6 (Cotangent Bundle). The cotangent bundle is the disjoint union of all cotangent
spaces of M,
M= | | ;M
PEM

and admits a natural projection map 7 : T*M — M, (p,w) — p.

As for TM, it has a natural smooth manifold structure of dimension 2 dim (M) and locally looks like
U x R", with charts

(p’w) = (xl(p)’ s ’xn(p)’ w1, ... ’a)n)a

where w = w;dx|,.

Definition 4.7 (1-forms). A 1-form is a smooth section of the cotangent bundle 7*M, i.e., a
smooth map w : M — T*M, p — w,,. The set of all 1-forms on M is denoted by I'(T*M) (or
I (M)).

Example 48. If f1,..., fs, h1,..., hs € C*(M),

w = Zs:fl dhl
i=1

is a 1-form.

Remark 4.9 (Straightening vector fields). If X € I'(TM), X|,, # 0: Locally one can find coordinates

around p such that X = %.

However, if w € I'(T*M), then in general, one cannot express w as df for some f € C*(M) (unless
dw =0).

4.1 TENSORS AT A POINT p

Letw € T;M . I can think of it as a linear map

w:TyM — R.

15



4.2 Tensor product 4 TENSORS

Similarly: I can think of any v € T, M as

v:T3M — R

Definition 4.10 (Tensor at a point). A tensor of type (k,[) at p is a multilinear map

T:T,Mx- - XT,MXT,M X ---XT,M — R.

k times [ times

Remark 4.11 (General tensors). One can easily generalize tensors to multilinear maps on general
finite-dimensional vectorspaces and their duals, independent of any manifold structure. Then one
considers multilinear maps of the form

T: VX - XV*'XVX---xV—R.

k times [ times

Example 4.12. Some important examples of tensors to develop intuition.
* Tangent vector v € T, M: (1,0) tensor
¢ Covector w € T, M: (0, 1) tensor
* Riemannian metric g € T,M ® T, M: (0, 2) tensor

The first index denotes the vectorial part, the second one the covectorial part (nonstandard termino-
logy).

4.2 'TENSOR PRODUCT

Definition 4.13 (Tensor Product). Given Ty of type (k1,1) and T is of type (kz,[2), then 1 ® T,
is a tensor of type (k1 + ko, [1 + I2) defined by

(Tl ® TZ)((‘U1’ ©coog wk1+k2; Vi,..0s vl1+l2)

= T1((,()1, 000 ’wk1;v1’ oo ,Vl1) : T2((A)k1+1, ooo 9wk1+k2;vl1+19 0ooo avl1+lz)

One can easily check the following facts:
* The tensor product is not commutative: 7} ® T # 1> ® Tj.

* It is bilinear in each argument:
T'®((aly)=a-(T1®T;), a€R
T1 ®(T2+T3) =T1®TH+T) ®T3
4.3 COORDINATE BASIS

Recall from lemmas 2.10 and 2.12 if (x!, ..., x") local coordinates around p then

a n
{(’)xi }i:1 = Basis of T,M

{dx"}:l:1 = Basis ofT;M
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4.4 Change of coordinates 4 TENSORS

Lemma 4.14 (Basis of (k, [)-tensors). The set

9 0 - '
{6 - ®...®6 - ®dxl1®...®dx11}
X X (E5eemslles J1seees 1)

forms a basis of the space of (k, [)-tensors at p.

Proof. See Proposition C.9 in [TR24]. mi

Because of the above lemma, for every tensor T there exist unique components 75 % such that

iy O
—pivik Yo
r= Tj1“']'l Oxit © e Oxix

That’s why we have been writing g = g;; dx’ ® dx/, see equation (3.1).

®dxj1®--~®dxj’

We use indices up for the contravariant (vectorial) indices and indices down for the covariant (cov-
ectorial) indices.

To recover the components of a tensor 7 in local coordinates, we can apply T to the corresponding
basis vectors, see Proposition C.9 in [TR24].. For example, for a (k, [)-tensor 7, we have

0 3
Coxi T x|

Tk =T (dx L da

JiJi

(4.1)

4.4 CHANGE OF COORDINATES

If we want to switch from one coordinate system to another, we would like to know how the
components of a tensor change under a change of coordinates. Let us consider a change of coordinates

Lo — Loy

Recall from lemma 2.14 that dy’ = gTy; - dx® and % = ‘giyl; . %. Then we have the following lemma.
Lemma 4.15 (Change of coordinates for tensors). Under a change of coordinates (x!,...,x") —
(»1,...,y"), the components of a (k, [)-tensor transform as:

w01 Oy oxPt aah

0.0k _ o . ..
lejl - Tb1...bl Oxn Oxak ayjl ayjl

Proof. Let T be a (k, [)-tensor at p and recall equation (4.1)

aj...ap _ ar. 0 0
Tb11...blk = T(dx‘“, e ,dx I‘, %, ey @)
Under a change of coordinates x + y, the basis transforms as
.0y L. 0 axb 0
dy = , —_— = .
x4 dyl 0yl oxb
Applying T to the new basis gives
. 9 P Byt pes oxb 8 PYC)
i i - a ar.
T, 55 =7 (G S dy BT B =)
oyh Ay’ oxh oxP 0 0
= — o ——T(dx“, ..., dx%; R
Ox®  9x% dylr Oyl (e Toxby axbl)

= 6yll e aylk aXb1 . a'XbI Ta1...ak
oxa Oxak 9yt dyit “brbi
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4.4 Change of coordinates 4 TENSORS

O

This transformation behavior is what historically led to the following terminology for the indices of a
tensor:

* Covariant part: Indices down (transforms with multiplication with the Jacobian for the y-fo-x
jon 9X
transformation ')

* Contravariant part: Indices up (transforms with inverse Jacobian z—ﬁ)

Definition 4.16 (Space of Tensors). The space of tensors of type (k,[) ata point p € M is denoted
by
R T,M &' Ty M.
By Definition 4.10, its elements are the multilinear maps

Q:T,Mx---XT,MXT,Mx---XT,M — R.

k times [ times

Remark 4.17 (Characterisation of tensors). Recall Remark 4.11. Let T be a (k, I) tensor over V, meaning

T: VX XV'xVx---xV—R.

k times [ times

Then, by forgetting (k1, /1) of its entries, we can think of it as a multilinear map in the rest of the
(k1,l1)-variables. This way we get

T:V'X- - XVXVX--xV— @V e v,

k—kq -1

so the image of T is a multilinear map on the rest of the (k1, /1)-variables.

Consider as a simple example, the (1, 1) tensor Q (so Q € ®'V ®! V* =V ® V*). Then Q is a bilinear
map
Q:V'xV >R

If I forget the first variable, I can think of it as a map Q : V — V defined by
O:VoV,ve Q>,v).
Similarly, if T forget the second variable, I can think of it as a map
Q:V' - Viwm Qw,).

Obviously forgetting means to evaluate the tensor at this variable, and then considering the remaining
variables as the input of the resulting multilinear map.
‘We remark that here we have identified V = (V*)*.

Lemma 4.18 (Tensor Product in Coordlnates) Let f be a (ky,/1)-tensor and g be a (ko,15)-
Jip

tensor with components fl " and g ;. respectively. Then the tensor product f ® g is a
2]

(ky + ko, 1 + I)-tensor with components

(f ® )11 iy Jig ey _fjl"'jl1 Juy+1eJiy+,
Aoy Tkq 41 Tky +ky 100Ky Uiy 41Tk +ky
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4.5 Tensor fields 4 TENSORS

We introduce another operation on tensors: the contraction. Given a tensor of type (k,[), with
components 7! ", we can contract one contravariant and one covariant index to get a tensor of type

(k—1,1-1) with components

Definition 4.19 (Contraction of Tensors in coordinates). Choose one contravariant and one
covariant index and sum them:

tr ;) : {(k,[) tensors} — {(k — 1,/ — 1) tensors}
with respect to the i-th index up, j-th index down by the rule

o i ia-1lavt i _ it la-10iavr ik
(tr(l"’Jb) T)J.l“‘jh—ljbﬂ"'jl le"'jb—lajhﬂ‘“jl’

where we sum over the repeated index a as always.

Example 4.20. To understand this, consider a = b = 1. Then we have

i+l _ Araiz--ik
(tr(1’1) T)fZ"'jl - Tajz-“jz :

In the case of a (1, 1) tensor: This is just its trace as a linear map. Indeed, if Q is a (1, 1) tensor, we
can identify it with a linear map Q : V — V and tr(; 1) Q = Q! is the usual trace of this linear map.

We remark, that there is a more abstract, but less useful definition that does not rely on coordinates.

As the usual trace of a linear map, the above definition is in fact independent of the choice of coordin-
ates.

Lemma 4.21 (Contraction is coordinate-independent). The contraction of tensors is independent
of the choice of coordinates.

Proof. See exercise 3.1. m

4.5 TENSOR FIELDS

Definition 4.22 (Tensor field, space of tensor fields). A tensor field of type (k,l) on M is an
assignment at every point p € M of a (k, [) tensor T, such that the components T]’;’]’l‘ are smooth
functions in any local coordinate system.

We will denote the space of all (k, [)-tensor fields by

[(RTM &' T*M).
For brevity, the following notation is also common:
TF(M) = T(e"TM &' T*M).

See also [TR24], chapter 8.2.

Of course for T € T'(®*TM &' T* M) we have that forany p € M, T, € T, M &' T;M isa (k,[)-tensor
at p, according to Definition 4.16.

The Riemannian metric is an example of a smooth tensor field of type (0, 2).
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4.6 Notation summary of bundles, sections and tensors 4 TENSORS

Remark 4.23. If T is a (k, [)-tensor field, we can view it as a C®(M)-multilinear map

T:T(T*M)x - X D(T*M) xT(TM) X - - - x (TM) — C®(M).

k times [ times
The key property is that T is pointwise: for any wy,...,wr € I'(T*M) and Xi, ..., X; € I'(TM), the
value T(wy, . .., wk, X1,...,X;) at a point p € M depends only on the values of these fields at p:

T(w1,...,wk,X1,...,Xl)|p = Tp(wllp,...,wklp,Xﬂp,...,Xllp).

In particular, if any of the vector field arguments vanishes at p (i.e., X;|,, = 0), then the result is zero at

p.
This pointwise property is equivalent to T’ being C*(M)-multilinear in its arguments.

Example 4.24 (Divergence is not a tensor). Consider the divergence operator div : I'(R") —
C*®(R") defined by

. X'
div(X) = PR
This is not a tensor field because it fails to be C*°(R")-multilinear. Specifically
div(fX) = ‘W?‘ ) _ faX. + X af # f - div(X).
ox! ox! ox!

This violates the required linearity property.

The example indicates that for 7 to be a tensor field, it must be C*(M)-multilinear in its arguments.
However we get more.

Theorem 4.25 (Characterization of Tensor Fields). A map

T:T(T*M) % - X T(T*M) X T(TM) X - - - x [(TM) — C®(M)

k copies of T'*, I copies of T

is a tensor field according to definition 4.22 if and only if it is C*°(M)-multilinear.

Proof idea. The direction "tensors are C*°(M)-multilinear" is true by definition. The converse, "C*(M)-

linear functional = 1-form" is harder and needs a proof. For this one first shows that w(Y) at p

depends only on Y|, i.e., it acts pointwise. Why? Because of what a tensor field is: it is an assignment
> T, where T}, is a tensor that only depends on p.

For (0,1) tensors, see exercise 3.5. O

4.6 NOTATION SUMMARY OF BUNDLES, SECTIONS AND TENSORS

We have introduced many different bundles and their spaces of sections. For convenience, we summarize
them in the following table.

The idea is always as follows: The space I'(E) denotes all smooth sections of a vector bundle £ — M,
and the symbol A denotes bundles of alternating tensors (forms and multivectors).

For completeness, we also include bivector and k-vector fields, which are not central to this course
(we mention them in Remarks 8.10 and 8.20). They are defined analogously to k-forms (i.e. they are
alternating tensors), but with the tangent bundle instead of the cotangent bundle.
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4.6 Notation summary of bundles, sections and tensors 4 TENSORS

Object Bundle Space of sections  Shorthand notations
Vector fields ™ I'(T™M) X(M)

1-forms "M [(T*M) X*(M) or Q1(M)
Bivector fields A TM T'(A’TM) -

2-forms A’ T*M T(A’T*M) Q*(M)

k-vector fields ARTM T(ART M) -

k-forms A T*M T(AKT* M) QK (M)

k,[)-tensor fields ®TM &' T*M T(RTM &' T*M) TK(M
1

Some authors use TX(T M) instead of ® TM for tensor bundles. It is also always useful to recall that
the tensor product of spaces can be identified with the space of multilinear, real-valued maps, so that

FTM=TM ®---®TM = L(T*M,...,T*M; R).
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5 VECTOR FIELDS AND FLOWS

5 VECTOR FIELDS AND FLOWS

(Lecture 4)

Recall that a vector field X € I'(TM) is a differential operator X : C*®(M) — C*(M). In local

coordinates (x!,...,x™), a vector field can be expressed as X = X i%.

Definition 5.1 (Lie Bracket/Commutator of Vector Fields). Let X,Y € ['(TM). The Lie bracket
(or commutator) [—,—] : T(TM) x '(TM) — I'(TM) of X and Y is defined by

[X,Y] =XoY-YoX

where X and Y are viewed as differential operators on C*(M).

Although X oY is a second order differential operator, [X, Y] is a vector field (first order differential
operator). Which can be seen by considering its coordinate expression.

[X,¥]" =Xx(¥") -y(x")

9 0 g0

. ) .
=X —(yr—)-vyv —(xh—
(')x’( 6xh) (')x’( 8xh)

h h

= "aY. —Yfai..

ox! ox!

Remark 5.2. Properties (see exercise 3.3):
* R linearity
* [X,Y] = —[Y, X] (anti-commutativity/-symmetry)

* Jacobi’s identity
[[X, Y], Z] +[[2, X], Y] + [[Y,Z],X] = 0
* X gY]=f-glX.Y]+X(g)-f-Y=Y(f)-g-X

If [X,Y] were a tensor field, then it would have to be of type (1,2). But [fX,Y] # f[X,Y], as it
involves derivatives of f. So [—, —] is not tensorial.

One can easily show that for X, Y being coordinate vector fields, the Lie bracket vanishes, i.e. in any
local coordinate chart

= 0. (5.1)

9 9
oxt’ OxJ

Indeed, let (U, x) be a coordinate chart on a smooth manifold M. Recall that ai(xj ) = 6{ is constant.

.Xi
Hence, for any coordinate function xk,

0 0

axi” dxi

ky _ 0 i k _i d k _ 0 k _i o
) = Bxi(c’)xf (x )) 6x-i((‘)xi (x )) T oxi (67) O (67) =0.

Thus the bracket vanishes on all coordinate functions and is therefore the zero field.
(I(TM), [, —]) is an infinite-dimensional Lie algebra with the Lie group of diffeomorphisms of M to

itself, Diff (M), provided that M is compact. (The Lie group is a manifold equipped with a compatible
group structure such that the group operations are smooth maps.)
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5.1 Flow of a vector field 5 VECTOR FIELDS AND FLOWS

5.1 FLOW OF A VECTOR FIELD

Let X € T(TM).
Definition 5.3 (Integral Curve of a Vector Field). A curve vy : (a,b) — M is an integral curve of
X if
y(t) =Xoy(), Vie(ab).

In local coordinates:

(N (@1) = X" (y(1)).

We recall the following result from classic ODE theory.

Theorem 5.4 (Local Well-Posedness of ODEs). Let F : R X R® — R" be smooth. For every
ug € R", the IVP
u'(t) = F(t,u(t)), u(0) =uo

admits a unique maximal solution u : (7_,7,) — R", where T, € (0, o], such that:
* Maximality: u cannot be extended beyond (7-, ;).
* Blow-up alternative: If T, < oo (resp. T- > —co), then |u(r)] — oo ast T Ty (resp. 1 | T-).

* Smooth dependence: For any compact [a, b] C (T-,T.), the map ug — u|[4,p] is smooth.

Characterisation of maximality: the blow-up alternative is equivalent to the statement that if

sup |u(t)| < oo,
t€[0,T})

then 7, = +co (and similarly for 7_). In other words, a maximal solution can be extended past any
finite time unless its norm becomes unbounded/as long as it remains bounded.

Moreover, u(t) = u(t;ug) depends smoothly on its arguments. This means that the flow map ®(z, ug) :=
u(t; up) is smooth in both 7 and uy. However, the flow is not defined on a uniform time interval for all
initial conditions ug; rather, for each ug, there exists some time interval (=7_(ug), T (19)) on which

the flow is defined.
By working in local coordinates, the above theorem implies the following:

Theorem 5.5 (Flow of a Vector Field). Let X € I'(TM). For every open, precompact subset
U c M (compact closure U), there exist § > 0 and a unique smooth map

®:(-6,0)xU — M

called the flow map, such that for all ¢ € U, the curve y(t) = ®,(q) is an integral curve of X
starting from ¢, i.e.,

d

7,21(@) = Xlo. @)

Qo(q) =g

Moreover, if X is compactly supported, then U = M and 6 = +co.

Proof. See [TR24], chapter 7.3. O

Remark 5.6. Two integral curves cannot intersect (uniqueness of solutions of ODEs) = ®; is a
diffeomorphism on its image.
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5.1 Flow of a vector field 5 VECTOR FIELDS AND FLOWS

Moreover, they form a semigroup, meaning that for all 71,7, € (=6, 6) and ¢ € U, we have

(I)t1+t2(Q) = ((I)t1 o (I)IQ)(Q)

Example 5.7. If X = %, we solve the flow equation. The differential equation for the flow

@, (x) = (x1(2), ..., x"(1)) is

& ok = X4 (@)

where X* are the components of X. Since X = %, we have X* = 6% and in particular X*(®, (x)) =
X

1 .
6k, SO:

d 1 ifk=1
— @k (x) = 6F =
d r(¥) =6y {0 ifk #1
With initial condition ®o(x!,...,x") = (x!,...,x"), integrating gives:
O, ((x!, ..., x") = (' +1,x2, ..., x").

So the flow translates points in the x!-direction at unit speed, as expected.

Lemma 5.8 (Straightening a Vector Field). Let X € I'(TM) with X,, # 0 at some point p € M.

Then there exists a local coordinate system around p in which X = %.

Proof. See exercise 2.4. m

Lemma 5.9 (Commuting Vector Fields Generate Coordinates). Let X,Y € I'(TM) be smooth,
[X,Y] =0, and let X,, and Y, be linearly independent at p € M, then there exists local coordinates

(x', x?) around p such that X = % and Y = %.

Proof. See exercise 4.4. m

If we drop the compactness assumption, the flow from Theorem 5.5 doesn’t necessarily exist for all
times. To see this consider the following example.

Example 5.10. OnR: Let X = yz% and yo > 0. The integral curve y(t) satisfies y = y2, which
gives

1
y(@o) =4—.
5 !

This solution is only defined for # < % showing that the flow reaches infinity in finite time.

A vector field generates the flow(s), a one-parameter family of diffeomorphisms. One can form the
commutator on the group of such diffeomorphisms.

Recall now Definition 5.1.

Remark 5.11. One can show that in local coordinates, the commutator of two flows can be expressed
as
k
Y X Y X
(2% 0 0% 0 0" 00X (p)) - pt

[X,Y]¥ = lim
t,s—0 ts
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5.2 Lie derivative 5 VECTOR FIELDS AND FLOWS

This expression quantifies how much the flows of X and Y fail to commute. The four successive flows
applied in sequence would return to p if [X, Y] = 0; otherwise, we drift by an amount proportional to
ts. The Lie bracket captures the leading-order term in this drift. Thus the geometric notion of flow
non-commutativity coincides with the algebraic definition of the commutator.

5.2 LIE DERIVATIVE

Definition 5.12 (Lie Derivative). Let X € I'(TM) and {¢; };cr be its flow. The Lie derivative is
defined by:

« For f € C*(M):
f(#:(p)) - f(p)

t

Lxf(p) =lim
t—0

e ForY e I'(TM):

(-, () Xl (p) —Ylp _ lim Y, (p) — d(¢+e)p (Yp)

Y), =1l
(LX )p tl—r>% t t—0 t

Theorem 5.13 (Lie Derivative of Functions and Vector Fields). Let X € I'(TM) with flow {¢; };cr-
Then:

Lxf=X(f) forall feC”(M),
LxY =[X,Y] forallY e I(TM).

Proof. See handwritten notes from the lecture. O

Lemma 5.14 (Extension of Lie Derivative to Tensor Fields). The Lie derivative Lx extends to all
tensor fields by requiring two axioms:

1. Forw e I'(T*M): (Lxw)(Y) = Lx(w(Y)) — w(LxY)
2. Leibniz rule: LX(T1 ® Tz) = (.LxT1) RTr,+T1 ® (.ExTz)

This yields a map
L:T(TM) xTF(M) — T} (M)

with Lx commuting with contractions.

Note that this extension is unique, but we will not prove this here.
We remark that the first axiom is natural, because Lx(w(Y)) = (Lxw)(Y) + w(LxY) mimics a sort of
chain rule.

Proof sketch. Build inductively using the two axioms. For (k, [)-tensors, decompose as products of
vectors and covectors, apply the Leibniz rule. o

Further more, this construction respects contractions (Definition 4.19). Indeed, it w € I'(T*M),
Y e I'(TM), then w ® Y is of type (1,1), and in coordinates we have

(we® Y)’g =wgl .
If one applies the contraction one gets

tr(w®Y)=(w®Y)5 =waY?.
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But

0
= B a = @
w(Y) = wgdx (Y éx") weY?.
And therefore
tr(w®Y) =w(Y). (5.2)

Now apply Lx to both sides and apply the first axiom/requirement,

Lx(tr(w®Y)) = Lx(w(Y))
L (Lxw)(Y) +w(LxY)

Now we use the second axiom/requirement and apply the contraction on both sides.

tr(Lx(w ®Y)) Z tr((Lxw) ® Y) +tr(w ® (LxY))
(5.2)

= (Lxw)(Y) +w(LxY)
That way, comparing the two expressions, we have established the following lemma.

Lemma 5.15 (Lie Derivative Commutes with Contraction for (1, 1) Tensors). Let w € I'(T*M)
and Y € I'(TM). Then the Lie derivative commutes with contraction:

Lxtriw®Y)) =tr(Lx(w®Y)).

One can also construct this extension the other way round, i.e. we require the Leibnitz rule + the
contraction compatibility, and we get the first axiom as a consequence.

Lxw() % Lx(te(w o 1))

=tr(Lx(w®Y))

=tr(Lxw®Y)+tr(w ® LxY)

= (Lxw)(Y)+w(LxY)

Remark 5.16. The results from before can be summarised as follows. We have 4 statements.

1. (Lxw)(Y) = Lx(w(Y)) — w(LxY)
2. Leibnitz rule for tensor products
3. Lx commutes with contractions

4. Extension of Lx to all tensor fields

Then we have
l.and2. & 3.and4. & (2.and 3. = 1))

Remark 5.17. In general: Tensors evaluated at their arguments, like w(Y), g(X,Y), can be viewed as
contractions of tensor products. E.g.:

g(X,Y) = gap XY’ =tr(tr(g® X ®Y))
Remark 5.18. If T € le(M ),and X = %, in local coordinates then
11...0%
(,LXT)i.l.“ik — Jl]l .

J1---Ji Oxt

See the solution of exercise 4.3b.
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5.2 Lie derivative 5 VECTOR FIELDS AND FLOWS

In fact we never need a general coordinate formula. Locally, any tensor is a C*(M)-linear combination
of tensor products of the coordinate fields §; and dx/, so the Leibniz rule reduces every computation of
a Lie derivative to the action of Lx on these three building blocks.

For X = X" 0,y,, the Lie derivative Ly is determined by R-linearity and the Leibniz rule together with
its action on functions and on the coordinate basis fields:

Lxf=X"0nf, Lx0; = —(8;X™) O, Lxdx! = (9, X7) dx'. (5.3)

The first two identities follow from Theorem 5.13; the third follows from the covector axiom of Lemma
5.14: applying the LHS to a vector field §; gives (Lxdx/)(8;) = X(67) —dx/([X,d;]) = ... = §;X/, and
the latter is exactly what we get if we evaluate the RHS on 9.

To differentiate an arbitrary tensor, expand it in the coordinate basis and apply the Leibniz rule to
each factor.

Example 5.19 (Lie derivative of the metric). For instance, for the metric g = g;; dx! @ dx/,
LXg = (-EXgij) dxi ® dxj + gij (LXCbCl) ® dx-i + gij dxi ® (LXdX’)
= (Xm amg,'j + &mj 0 XM+ gim ale) dx’! ® dxj,

where in step 1 we used the Leibniz rule and in step 2 we used the first and third identity in
equation (5.3).

In particular, X is a Killing field (Definition 5.21) precisely when the bracketed expression vanishes.

Lemma 5.20 (Lie Derivative Commutator). For any X,Y € I'(TM) and tensor field T € le (M),
the Lie derivatives with respect to X and Y satisfy

Lixy T =LxLyT - Ly LxT.

Proof. See exercise 4.3a. O

Definition 5.21 (Killing Vector Field). Let (M, g) be a Riemannian manifold. A vector field
X € I'(TM) is called a Killing vector field if

Lxg=0.

Remark: this is named after Wilhelm Killing, and not after literally killing a vector field.
Lemma 5.22 (Isometric flows and Killing Vector Fields). Let X € I'(TM) with flow {®,}. If X
generates a flow of isometries, it is Killing, i.e.

(@) (glo,) =8 = Lxg=0.

Proof. See exercise 4.3b. m

We will not show the converse in full generality, but we proved a related statement in exercise 5.1.
There we show that if a metric is independent of a coordinate x*, then the flow F, of % is an isometry,
F;(g|F,) = g. We use this several times, for example in exercise 7.2b.
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5.3 CONNECTIONS

For vector fields V and ¥, LY is not suitable as a directional derivative because it is not C*(M)-linear
in the first argument: for f € C®(M),

LevY # fLVY,

so LyY|, depends on V near p, not just on V|,. GivenY e I'(TM), p € M, and V € T,M, we want a
directional derivative DyY|,, that depends only on V|,. This requires comparing tangent vectors at
different points, which is not possible immediately, as they live in different spaces. A systematic way
to do this defines a connection, enabling differentiation of vector fields, curve acceleration, and parallel
transport.

Definition 5.23 (Connection). A connection V on M is a map
V:T(TM) xT'(TM) - I'(TM)
such that:
1. Vis C*(M)-linear in the first argument:

VX1+f.X2Y = VX1Y + f . VX2Y

2. V is R-linear in the second argument:

Vx(Y1 + aYz) = VXYI + aVXYz, acR

3. Satisfies the Leibniz rule with respect to the second argument:
Vx(fY)=X(f) - Y+ f -VxY

It is also called covariant derivative.

VY isa (1, 1)-tensor field. It is also local: if U C M is open and p € U, then (VxY)|, depends only on
X|p and Y|y.

For the existence of connections, see Theorem 5.34.

Because of the Leibnitz rule in the second argument, connections are not C*(M)-linear in the second
argument (there is this extra term X (f) - Y) and therefore they are not tensor fields.

On R" one can verify that the Euclidean connection defined via the standard directional derivative D

k
(DxY) = X2

s (5.4)

is in fact a connection.

Lemma 5.24. If'V is a connection on M, it defines a unique connection on any open subset U C M.

Proof. Let X,Y € I'(TU), p € U. We want to show that VxY/|,, is uniquely defined.
Let F: M — [0, 1] be a smooth cutoff function such that

Flq) = 1if ¢ is in a neighborhood of p in U
U= OonM\U.

Then X = F - X,Y = F - Y extend to the whole of M.
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Define VxY|, = Vg? | ,. This is independent of the choice of F: If Y, Y are two vector fields such that
Y =Y in a neighbourhood V of p and if f : M — [0, 1],

f:

1 onV' cV
0 onM\V

then
Vx (f-(Y—Y))’p = X(Pl,- =7, + Ly (VX =])

=0 -

Butf-(Y-Y)=0ina neighborhood of p = Vx|, = VXY’
p
o

We will use the above in order to talk about VxY when X, Y are not defined on the whole of M (e.g.
coordinate vector fields), or fields on a chart.

Definition 5.25 (Christoffel Symbols). Let (x!,...,x") be a local coordinate system. The Chris-
toffel symbols Fl.kj are defined by
d . 9
Vo —=I"—.
o Ox] ' oxk

Equivalently,

0 : 9 :
axt 3x1 Axt axj

k
Fl-kadxk(V 5 i) :(V i)

is the k" component.
Note: F{‘j are not components of a tensor (see exercise 4.1a). If they would, having zero Christoftel
symbols in one coordinate system (say cartesian) would imply they vanish in all coordinate systems,
which is not the case.

Using the Leibnitz rule from Definition 5.23, we can easily see that the covariant derivative of a vector
field Y in the direction of X is given by

k
(VxY)k = xi o rk xiyi . (5.5)
Oxt Ly

We will now investigate how the connection acts on general tensor fields and provide coordinate
formulas.

Lemma 5.26 (Extension of Connections to Tensor Fields). Let M be a smooth manifold equipped
with a connection V. The connection extends to a map

V:[(TM) x TF (M) — T} (M)
by requiring:
1. The Leibniz rule for tensor products: Vx(S® T) = (VxS) @ T + S ® (VxT)

2. Compatibility with contractions: Vx(tr A) = tr(VxA)

As we show in exercise 4.2, the coordinate formula for the connection of a general tensor 7 in the

direction X = % is

k l

...l _ i1...0% i i1...b...0x _ b i1...0%
(VB“T)JE---J? B a“TJ&--‘j/ + Lab Tj1~-j1 rajs Tj1-~~b~--.il' (5.6)
r=1 s=1
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Proof of the Lemma. See Exercise 4.2. O

For a function f € C®(M), viewed as a (0, 0)-tensor, the connection acts as the directional derivative,
Vxf = X(f). This is forced by comparing two expansions of Vx(fY): the Leibniz rule of Defini-
tion 5.23 gives Vx (fY) = X(f)Y + f VxY, while viewing fY = f ® Y and applying the tensor Leibniz
rule from Lemma 5.26 gives Vx(fY) = (Vxf) Y + f VxY. The common term f VxY cancels, leaving
(Vxf)Y = X(f)Y for all ¥, hence Vxf = X(f). Writing X = Xi%, the coordinate expression is
therefore

of

VxS = X(f) = X' oL (5.7)

Similarly, the action of V on a basis 1-form dx/ is determined once we know it on functions and on
the basis vector fields. Since dx/(;) = 6/ is a constant function (which vanishes under the connection,
see (5.7)) and the pairing w(Y) is a contraction of w ® Y, the contraction compatibility of Lemma 5.26
gives

0

Vo, (6])

Vo, (dx/(8;))

Vo, (tr(dx/ ® d;))

tr (Va, (dx/ ® 9;))

tr ((Vo,dx/) ® 8; + dx/ ® (V4,0:))

= tr ((Va,dx/) ® 6;) + tr (dx/ ® (V4,0;))
= (Vo,dx/)(8;) + dx’ (V,0;)

= (Va,dx/) () +T7..

In the very last step we have used Definition 5.25 to find Vg, d; = Fsi Ok, and then dx/ (F’;i Or) =
Ik dx/(0x) =Tk 67 =T .. So we have shown

ai "k
(Va,dx/) (3h) = =T},
As a 1-form is determined by its values on the basis fields, this means
Vo, de/ =T/ dx*. (5.8)

To compute the connection of a general tensor wrt. a general vector field X in practice, i.e. in local
coordinates, we have two options:
1. Unlike the Lie derivative, V is C*(M)-linear in its direction argument, V¢x = f Vx, so VxT =
X?Vy,T and we can use (5.6).

2. Alternatively, to avoid having to memorise formula (5.6), we can proceed similarly as for the
Lie derivative (see (5.3) and Example 5.19) and use the Leibniz rule to reduce to the coordinate
basis and then apply identites (5.7), (5.5), and (5.8), namely

Vouf =0afs  Va,0i =Tk 0k, Vo, dn/ =-T7 dn¥, (5.9)
together with the C*(M)-linearity VxT = X Vy,T.

On a manifold, there are possibly infinitely many connections. So, this recipe is as far as we can go
with a general connection: the Christoftel symbols are not determined by the connection axioms, but
are precisely the data specifying the connection (different connections have different Flkj) so the recipe
reduces every computation to them without computing them. For the canonical connection of a
Riemannian manifold, the Levi-Civita connection, the Christoffel symbols are instead given explicitly
in terms of the metric; see Theorem 5.34 and formula (5.13) in the next lecture.
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Example 5.27 (Covariant derivative of the metric). Using option 2 and the identities (5.9), we
compute the covariant derivative of a general metric g = g;; dx’ ® dx/ in the direction of a general
vector field X = X“d,, exactly as we did for the Lie derivative in Example 5.19. The Leibniz rule
gives
Vxg = (Vxgij) dx' ® d/ + g;; (Vxdx') ® dx/ + g;; dx’ ® (Vxdx/)

= Xa(V5agij) dx’ ® dx/ + 8ij Xa(Vaadxi) ® dx/ + 8ij X dxt ® (Vaadxj)

= X9(0agij) dx' ® dx/ — g;; X°T! dx¥ @ dx/ — g;; XTI dx' @ dik

= X(0agij — Ulpy gmj — Ty gim) dx’ ® d/,
where in the second step we used the C*(M)-linearity Vx = X“ V,, in the third the building

blocks (5.7) and (5.8), and in the fourth we relabelled the summation indices. And of course the
components are (Vxg)ij = X“(9agij — T gmj — . im)-

Remark 5.28 (Lie derivative vs. covariant derivative). Both Lx and Vx turn a direction field X and a
tensor into a tensor of the same type, but they differ fundamentally. Comparing the two computations
for the metric (Examples 5.19 and 5.27),

(Lx8)ij = X" Omgij + &mj 0: X" + gim 9; X",
(Vx8)ij = X“(0agij — Uiy &mj — T 8im)>
Some differences stand out:
1. Dependence on X. In Vxg the field X enters only through the pointwise factor X, so (Vxg)|,
depends only on X|,, (indeed V is C®°(M)-linear in X). In Lxg the derivatives 9; X" appear, so

(Lx8)|, depends on X in a whole neighbourhood of p (£ is only R-linear in X). Only Vy isa
genuine generalisation of the directional derivative.

2. Required data. Lx uses only the smooth structure (via the flow of X), whereas Vy requires a
choice of connection, i.e. the Christoffel symbols I' lk]

3. Further, on vector fields the two are related directly: LxY = [X,Y] = VxY — VyX whenever V
is torsion-free, see Definition 5.29 below.

Definition 5.29 (Torsion of a Connection). Let V be a connection on M. The torsion tensor T is
defined by
T(X,Y) = VxY — VyX — [X,Y]

forall X,Y € I'(TM). Here the term Vy X + [X, Y] is called adjoint torsion.

T is an anti-symmetric (1, 2) tensor, see exercise 4.1b.

Remark 5.30 (Torsion for coordinate vector fields). For coordinate vector-fields,

o 9
Oxi” oxi |
so in view of Definition 5.25, we have
k k k
Tij=Tij = T

and there fore also
T=0 T, =T%.

Suffices to be true in one coordinate system.
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(Lecture 5)

Definition 5.31 (Vector Field Along a Curve). Let ¥y : I — M be a smooth curve. We call a
smooth map
X:t— X(1) €T, ()M

a vector field along a curve for r € I, assigning to each  a tangent vector at y(z).

A vector field along a curve can equivalently be seen as a section 7 — (z, X (7)) of the bundle y*TM,
the latter being the pullback via y of the tangent bundle

YTM ={(t,v) e IXTM :v € T, )M}.

Each fiber n71(¢) = t X Ty(;yM = Ty(;yM of y*TM is a vector space, where the bundle projection is
givenby 7 : y*TM — I, (t,v) > t.
Hence we can denote the space of all vector fields along y by I'(y*TM).

Remark 5.32. If y self-intersects (i.e., y(¢1) = y(#2)), X (#1) does not have to be the same as X(z,) (so
not a unique value at all points of M belonging to the image of y).

In this case: X does not extend to a vector field on M. If y is an embedded curve, X always extends
(non-uniquely, i.e. in many different ways) to an element of I'(TM).

Locally (i.e., restricting the domain of y): Any curve is embedded.

Lemma 5.33 (Covariant Derivative Along a Curve). Lety : I — M be a smooth curve and X a
vector field along y. The covariant derivative V; X is uniquely defined at each 7 € I, independently
of any local extension of X around (7).

Sketch of proof. Assuming y(t) # 0, restrict to y|(;—e.r+e) s0 that it is embedded curve.
Extend X to a vector field in a neighborhood of y(#) in M. Then, in local coordinates around y(¢):

k i 0
(V9 Xly0)™ =7 75

d . L
= TXI + T (/1) ¥'X]

X+ Ty () ' X/

The last expression depends only on the values along y. O

LevI-CIVITA CONNECTION

On a general manifold: An infinite family of connections. The difference of two such connections,
V -V is always a (1,2)-tensor field (see exercise 4.1c). If M is equipped with a Riemannian metric,
there exists a unique natural connection.

Theorem 5.34 (Levi-Civita Connection). Let (M, g) be a Riemannian manifold. There exists a
unique connection V (called the Levi-Civita connection) such that:

1. Vis torsion-free: Ffj = F}‘i (if true in one coordinate system, it’s true for all; since the torsion
is a tensor).

2. V respects the metric: for any X,Y,Z € I'(TM),

X(g(Y,2)) =g(VxY,Z) +g(Y,VxZ)
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I (equivalently, Vxg = 0 for all X.)
Proof. Uniqueness: It suffices to prove that in any local coordinate system, conditions 1. & 2. uniquely

fix the Christoffel symbols.
In any local coordinates (x!,...,x") we have

o, 9 (9 O
oxi S = 5y \8 \ Bx7 ok
PR p p
—olv, L L 2 v, L
g( a?cic')xf’axh)-i_g(axl’ a‘ifaxh)

o 0 0 0
=g (% — — —, ¢ —
g( " oxa 8xh)+g(6xf ’haxa)

:Flfljgah+Fi‘§lgaj (510)
Permuting indices:
a a a
ﬁgij = rhjgai + Fhigaj (511)
0
9 8ih = Ii8an +1'58ai (5.12)

So (5.11) + (5.12) - (5.10):
7S T F g 8in i S = 2l 8an

So i can solve this for I, as the above is just a matrix product. We obtain, after renaming the indices,

1 0 0 0
Kk kd
Tij =387 | gya8id + 578id = 5.8ii (5.13)

Where, as usual, [g"/] is the inverse matrix of [g;;]. We see, that I is uniquely determined by the
metric g.

Existence: Instead of using the above formula to construct a connection, we go a slightly different path.
Let us use the shorthand notation (-, -) := g(-,-). In order to define VxY, X,Y € I'(TM), it suffices to
define (VyY,Z), VX,Y,Z € T(TM).

X(Y,Z) = (VxY,Z) + (Y, VxZ) (5.14)
Y(X,Z) = (VyX,Z) + (X, Vy Z) (5.15)
Z(X,Y) = (VzX,Y) + (X, V,Y) (5.16)

We use now the torsion-free condition, VxY — Vy X = [X,Y]. From (5.14), (5.15), (5.16), we obtain
Koszul’s formula:

(VxY,Z) = %(X(G’,Z)) +Y((X.2)) - Z({X,Y)) +([X.Y]. Z) +([Z, X].Y) - ([Y,Z],X>)

One can use this formula to define a connection V on M. It is essentially a coordinate-free definition
of, the Levi-Civita connection, while equation (5.13) is its coordinate expression.
O

Example 5.35 (Euclidean connection on R" is Levi-Civita). On (R", gg), the standard directional
derivative from equation (5.4), (DxY)* = X i%?, is the Levi-Civita connection. The Christoffel
symbols are zero in this case, as one can also verity using (5.13).
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Remark 5.36 (Levi-Civita Connection). The Levi-Civita connection is the canonical connection on
(M, g). From now on, when referring to the connection of a Riemannian manifold, we will always
mean the Levi-Civita connection.

Any construction based on a metric has to be preserved by isometries, as the latter identify geometric
structures. In particular this holds for the Levi-Civita connection.

Lemma 5.37 (Isometries Preserve the Levi-Civita Connection). If F : (M,g) — (N, h) is a
(local) isometry and X,Y € I'(TM), then

dF(VEY) = V;’Q(X)dF(Y).

In short: an isometry leaves every term of Koszul’s formula invariant, so it must map the Levi-Civita
connection of g to that of A.

Proof sketch. Every term in Koszul’s formula is respected by dF. Since F is a (local) isometry it preserves
the inner product,
(dF(X),dF(Y))n = (X,Y)q,

and, being a local diffeomorphism, its pushforward preserves the Lie bracket,
[dF (X),dF(Y)] = dF ([X,Y]).

Hence Koszul’s formula for V"), evaluated on dF (X), dF (Y), dF (Z), reduces term by term to Koszul’s
formula for V(&) on X, Y, Z, so that
h
(V;F)(X)dF(Y), dF (Z)) = (dF(V'Y), dF (Z)), ~ forall Z.
Since dF is a linear isomorphism on each tangent space, dF (Z) ranges over all tangent vectors; as / is
nondegenerate, the two sides agree as vectors,

h
dF(V®Y) = V;;(X)dF(Y). O

Lemma 5.38 (Christoffel symbols via orthogonal projection for an immersion). Let ¥ : Q c
R" — RY be a smooth immersion with induced metric g = W*gg, and let 1™ denote orthogonal
projection onto TW(Q). Then

0 oY oY
n(——-—)=rkx —.
(E)x‘ OxJ ) Y oxk

Proof. See exercise 5.4. m
5.4 PARALLEL TRANSPORT
On a general manifold, parallel transport is the closest thing to a constant vector field along a curve.

Definition 5.39 (Parallel Transport). Lety : I — M be smooth and V any connection. For s, € I,
the parallel transport along vy is the map

Ps,l: Ty(s)M B T'y(t)Ms Ps,t(v) = X(t),

where X is the unique parallel vector field along y, namely VX = 0, and satisfies X (s) = v.
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1
With this terminology, X () = Py, (X (s)) for every parallel field X along y.

Theorem 5.40 (Existence and Uniqueness of Parallel Transport). For every p € M, v € T, M, and
smooth curve y : I — M with y(0) = p, there exists a unique vector field X along y such that
X(0) =vand V;X = 0.

Proof. It suffices to do the construction in a local coordinate chart on M

d i
5X" +T5y' X7 =0
This is a linear ODE, so ODE theory yields a unique solution. o

We note that the parallel transport has several nice properties, in particular for the Levi-Civita connec-
tion.

Lemma 5.41 (Basic Properties of Parallel Transport). Lety : I — M be smooth, and let Py ; :
TysyM — T, ;)M denote parallel transport along .

1. Forall 5,7 € I, Py is a linear isomorphism, with inverse P; .

2. If V is the Levi-Civita connection of (M, g), then P, is an isometry:

gy(t)(Ps,tva Ps,tw) =8y(s) (v,w), V,w € Ty(s)M~
Proof. Parallel transport along 7y is defined by a linear ODE in each coordinate chart,

d k k iy
3 X+ @)y X7 =0.

The equation is linear in X, so the solution depends linearly on the initial condition v € T, o) M. By
existence and uniqueness for linear ODEs, for each v there is a unique vector field X (7) along .
Hence the map

P, :vi— X(¢)

is linear and bijective, with inverse given by solving the ODE backward in time.

Concerning the isometry property, let X,Y be vector fields on y s.t. VyX = V;Y = 0. Then
d .
5 (X,Y) =7((X, 7)) = (V;X,Y) + (X, V;¥) =0,

where we have used that for f(p) = <Xp, Yp> we have %(f oy)(t) =dy (%) (f)=v(f.
The map ¢ — (X (1), Y(¢)) liveson I C R, and has zero derivative, so we get (X (1), Y (¢)) = (X(0),Y(0)),
which is exactly the isometric property. o

In particular, if y(a) = y(b) then P; : Ty ;)M — T, (»)M is the identity map, so parallel transport
along a closed curve is an isometry of the tangent space at the base point.
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6 GEODESICS AND THE EXPONENTIAL MAP

6.1 GEODESICS

We define geodesics as curves whose velocity is parallel along the curve.
Definition 6.1 (Geodesic). A geodesic is a curve y : [ — M that satisfies

In local coordinates, this yields the geodesic equations,

J*+T5y'9 =0 (6.1)

1

where Ffj are the Christoffel symbols of the connection.

Remark 6.2. If we reparametrize: ¥ = y o h: one can show that Vs || #, i.e. there exists a function
A(t) such that V49 = 1%. But we do not necessarily have V43 = 0 anymore so the above definition
is parametrisation dependent. Any curve which satisfies V5% = 1% can always be reparametrised to
geodesics.

Consider now an embedded hypersurface S in R” with the induced metric, and the Levi-Civita
connection V of g. Recall further example 5.35, and (5.4). One can show that on S c R”, the Levi-
Civita connection is the projection of the Euclidean connection on R" onto T'S (to do so, define
VxY :=II(DxY) and verify the assumptions of Theorem 5.34). So we have

Vyy =11(Dy7),
where II is the g-orthogonal projection onto the tangent space 7, (;)S, and where D is Euclidean

connection on R” as in equation (5.4).
In this setting, a curve y : (a,b) — S is a geodesic iff

0=V;y=II(Dyy),

2
where ¥ := Dy = iTZ So here, the ambient acceleration in R™ of a geodesic is orthogonal to the surface,

Example 6.3 (Geodesics on (5", gs»)). Consider (S”, gsn), where gsn is the metric induced from
(R™1, gg). In view of the previous discussion, geodesics y are exactly curves whose acceleration
in R"*! is orthogonal to T'S". Since T, (;)S™ = y(t)*, the condition ¥ L T, (,)S" implies ¥ = A(1)y.
Hence the subspace

V = span{y(?),y(1)}

is invariant under time differentiation, so y(¢) C V for all . Therefore 7y lies in a 2-dimensional
linear subspace through the origin, and thus is a great circle.

Tyn)S" (1) v
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Theorem 6.4 (Existence and Uniqueness of Geodesics). For every p € M and v € T, M, there
exists a unique maximal (domain can not be extended) geodesic y : (—€,€) — M such that

y(0) = p and y(0) = v.

For such p, v we will denote the curve by y,, ,,(¢) from now on.

Proof sketch. ODE theory yields existence and uniqueness of solutions to the geodesic equations, (6.1),
and that y depends smoothly on p and v. i

Corollary 6.5. If you have two curves y1, v, such that y1(0) = y2(0) and y1(0) = y2(0), then
on the common domain of intersection they have to agree, i.e. they are subcurves of the same
maximal geodesic.

Remark 6.6. Recall that ' lkj = 0 in cartesian coordinates due to (5.13). Hence geodesics satisfy
7k + F{‘i«yiyf =3k =0, s0 by integrating twice we get y*(t) = a*t + b, i.e. geodesics are straight lines
in R". Hence they minimize the distance between points.

On a general Riemannian manifold, this is not necessarily true (for example, on the sphere). However,
geodesics are always stationary points of the length functional (Lemma 6.16), and they still minimize
length locally, i.e. between sufficiently close points (Corollary 6.43).

From the definition, we can easily show that ||||* = g(7,7) is constant in 7, i.e. geodesics are
parametrised at constant speed.

Lemma 6.7 (Geodesics are parametrised at constant speed). Let y be a geodesic on (M, g), and let
V be the Levi-Civita connection. Then

d
58(7’, y) = 0.
Proof.
d = d .
87 =dy (5) (&(7.7))
=y()g(y.7)
=8(Vy7.7) +8(¥. Vy7).
But V;y = 0 as y is a geodesic, so we yield the result. o

We present now a version of Nother’s Theorem.

Lemma 6.8 (Nother’s Theorem for Geodesics). Let X € I'(TM) be Killing, V the Levi-Civity
connection, and y be a Geodesic on (a, b). Then the function ¢ = g(X|,(),¥) is constant for
t € (a,b).

Proof. See exercise 5.1a. m

Any function F : TM — R such that F(y(z), y(t)) is constant when 7 is a geodesic is called a constant
of motion for the geodesic flow. Classically, N6ther’s theorem states that for any symmetry of the system,
there is a corresponding constant of motion. In this case, the function 7 — g(X|, ), ¥) is a constant of
motion along the geodesic. The symmetry is given by the Killing vector field X, which, as we have
seen is related to isometries of the manifold, see Lemma 5.22.

We will see later, that isometries map geodesics to geodesics.
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Example 6.9 (Poincaré Half-Plane, geodesics and constants of motion). Let H? := {(x,y) : y > 0}

dx%+dy?
2

be the Poincaré half-plane with g5 = . In exercise 5.2 we show that

* Maps f(z) = Z;:S with ad — bc > 0, are isometries

* The geodesic equations are given by
2 1
¥-Zky=0, y+—-(x*-y% =0,
y y

with conserved quantities

E=gu(y,7), PZ?,

P being a constant of motion associated to the Killing vector field 2, as in Lemma 6.8.

* The geodesics are semicircles orthogonal to the x-axis.

H? = {(x,y) :y > 0}

Lemma 6.10 (Parallel orthonormal frame along a geodesic). Let y : [0,1] — M be a geodesic.
Then there exists an orthonormal frame {E;}" ; along y such that

E1 (1) is collinear with y(z), VyE;=0 foralli=1,...,n.
Moreover, for any vector field X = X;(t) E;|, ;) parallel-transported along vy, one has

V,X=0 &= X;(t)is constant in  for all ;.

Proof. See exercise 5.3. m

(Lecture 6)

We are now going to investigate the relation between geodesics and distances. We will see that a
length minimizing curve is always a geodesic, but a geodesic between two points is not always length
minimizing.

To talk about length minimizing curves, we need to talk about variations of curves, i.e. how curves
vary smoothly.

Definition 6.11 (Smooth Variation of a Curve). A smooth variation of a curve y : [a,b] — M is
a smooth map ¢ : [a,b] X (-&,&) = M, (t,5) — ¢(t, s) such that

#(1,0) = y(r) Vi € [a,b].
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¢s(1), s =const.

-~

)

For s = 0 we recover the original curve, but varying s yields other curves. We will use the notation

¢s(1) = ¢(1,5).

There are two natural vector fields in this situation. For this recall vector fields along a curve from
Definition 5.31. We have for a fixed s the tangent vector field along the variation ¢, by

¢s _ . [O

s (2] o
and the so called variation vector field, which is tangent to s > ¢,(7) for a fixed

96 _ 448

s (2] o

In analogy with vector fields along a curve, %—‘f, g—f cannot always be extended to vector fields on M.
Remark 6.12. Recall chapter 3.5 from [TR24]. Both 7 — ¢ as well as s — ¢ are maps from an interval
to a manifold, so 2, £ are the classic partial derivatives (or tangent vectors in TR), which are then
pushed forward by the differentials of ¢. So (6.2) and (6.3) are defined exactly like the usual tangent
vectors of curves on manifolds.

The notation %—‘f is justified because in local coordinates these abstract tangent vectors become the
usual partial derivatives.

ANl ap\*  agk
I I ) I

where of course ¢¥ are the component functions of the coordinate representation ¢ = ¢ o ¢ =
(¢!, ..., ¢"), where ¢ is any chart on the manifold, and ¢ : I — R™.

Lemma 6.13 (Symmetry of Covariant Derivatives in Variations). Let ¢ : [a, b] X (—&,&) — M be
a smooth variation of a curve, and V the Levi-Civita connection. Then

This means [g—f, %—‘f] = 0, where we have to keep in mind that the two fields have to be extended, but

this extension does not change the commutator in this case.

Proof. In local coordinates:

¢ 09"\ | i 09" 997
\vi k oy
( g as) 6t(8s )+F’J ar os

where % denotes the derivative along the curve ¢ — ¢(7).

Similarly:
¢ 9P\ i 99997
(VZZ’ az) ~ 95 (7) oy ar
90 , 00 .
Since G_E(l) = 555 #* and Iy ]l, the two expressions are equal. i
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Alternative proof. On the manifold [a, b] X (—¢, €), we have
9 9]_
at’ ds|

o 0l\_ 0 0 d¢ d¢
o=do |5 55]) = [ao [5) 20 ()| - 55
Since V is symmetric. The result follows.
Lemma 6.14 (Differentiability of Length Function). Ify is a C!, non-singular (y # 0) curve on

(a,b), and ¢ is a smooth variation of vy, the length function s — [(¢y) is differentiable near s = 0

and satisfies .
d b (Vw > o)
d—l(¢s) =/ —dl
S a

151

Proof. Recall Definition 3.5.

zm>=/ N / <‘9¢ ‘9¢>dz

Consequentially,
il 6¢ 3¢ 99 9¢
b as ar 61‘ b <Vi‘§5’ _t>
——dr = e dr
(22.2¢) |5
61 ’ az

By the previous lemma 6.13:

Theorem 6.15 (First Variation of Length). Lety : [a, b] — M be smooth with ||y|| = const (I can
always reparametrise to achieve this). For any smooth variation of y, ¢ : [a, b] X (-¢,&) = M,

_b-a|[de | t=b b1 ag .
‘Y:O_W(<E’ 7>t_a‘/a <gs:O,Vw> dt). (6.4)

Proof. Since ||7]| = const, we have [(y) = (b — a) |||l

From the lemma 6.14
0 .
b <Vy a_f P 7> 1 b 0
By ik Wi R N
§=0 (171l 171l Ja

||y||/ (dr< > < >) &
||i||(< / < 7> dt)

d
al(¢s)

_l(¢s)

, y'> di
=0

L
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6.2  Application to classical mechanics 6 GEODESICS AND THE EXPONENTIAL MAP

_b-a]d¢ A= ary ,
Y (<$o 7>_/ <$o V”> dt)'

O
Lemma 6.16 (Geodesics are Critical Points of Length). If y is a geodesic, then v is a critical point
of the length functional / under any variation that fixes the endpoints. That is, if ¢5(a) = y(a)
and ¢, (b) = y(b) for all s, then %l((bs) e 0.
Proof. As ¢5(a) = y(a) and ¢5(b) = y(b) for all s, we have
d d
afﬁ(a,o) = aﬁf)(b,o) = 0.
Moreover, since y is a geodesic, V;y = 0. Hence, by the first variation formula, (6.4),
d
—I =0.
dS (¢9) w0
O

6.2 APPLICATION TO CLASSICAL MECHANICS

In classical mechanics, we study (say smooth) trajectories of particles f(z) : [a,b] — Q, which are
curves on a manifold, and we are interested in how these trajectories vary under small perturbations.
Here, let Q c R" be an open domain. The variation vector field % captures exactly this idea of how
the trajectory changes when we vary it smoothly. One way to axiomatise the dynamics of a particle is
to postulate that the trajectory of the particle makes stationary a certain functional, called the action.
Let £ € C*([a, b] x Q X R™). We define the action

b
SoIf] = / L(1f (). F (1)) dr.

If f is a stationary point of Sy under a certain class of variations, then f solves a very important PDE,
the Euler—Lagrange equations, which model the dynamics of the particle.

Lemma 6.17 (First variation and Euler—Lagrange equations). Let F : (—6,6) X [a,b] — Qbe a
smooth variation of f with F(0,f) = f(r) and fixed endpoints F(s,a) = f(a), F(s,b) = f(b).
Then we get the first variation of the action by

4§ 1F(s.)]

b . d
< - /a OsF'(0,1) - (axi.L - E(?viﬁ) 7. f(0), £/ (1)]d.

s=0

Further, if f is stationary for all such variations, it satisfies the Euler—Lagrange equations

0Lt f. f) - %av,-zz(t,f, f)=0, i=1,....n (EL1)

Proof. See exercise 7.3. O

Example 6.18 (Particles in a conservative force field). or a particle of mass m moving under a
conservative force g with potential U(x) (so that VU = g), the Lagrangian is

L(t,x,v) = %mlvl2 -U(x).
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6.2  Application to classical mechanics 6 GEODESICS AND THE EXPONENTIAL MAP

In this case, the Euler—Lagrange equations reduce to Newton’s second law of motion,

dei
dr?

(1) = =0:U(f(1)).

m

We place the dynamics on a Riemannian manifold, (M, g). Let L : TM — R be a smooth Lagrangian.
For simplicity we consider the general manifold case only with Lagrangians independet of time.
For a smooth curve y : [a,b] — M, define the action

b
Sclyl = / L(y(),7(1)) dt.
Let ¢ : (—=6,6) X [a, b] — M be a smooth variation of y with fixed endpoints, and let

3
V(t) = a—f(s,t)

5=0

be the variation field along .

Lemma 6.19 (First variation and EL on manifolds). The first variation of the action is

t=b b
0L . d oL . i
+/ (W(%V)———-(%Y) Vidt.

d
S 2[6(s. )] .

ds

oL .
= [; v,V
s=0 v
In particular, if y is a stationary point of S » under all variations fixing the endpoints, then y
satisfies the Euler—Lagrange equations

oL, . doL .= .
ﬁ(%)’) - Eavi(%w =0, i=1,...,n (EL2)

Proof. See exercise 7.4a. |

We remove now all external forces, and study the case where it depends only on position and velocity.
This is the case of a free particle moving on a Riemannian manifold. For (x,v) € TM, we choose it be

L(rv) = 2800 6.5)

This can be thought of as an extension of the Newtonian function for the kinetic energy in the setting
of Riemannian manifolds. For a smooth curve y : [a,b] — M, the associated action is the (curve)
energy, as investigated in Exercise 2.1, defined by

b
ORI (6.6
As we will see, this definition leads to geodesics as the natural trajectories.

Example 6.20 (Energy functional and geodesics). Let £ be as in (6.5), S = & as in (6.6), and
¢ : (=6,6) X [a, b] — M be a smooth variation of y with fixed endpoints. Then the first variation
of the energy is

d t=b

b
ga —‘/a g(05¢, Vyy)dr.

In particular, if y is stationary under all such variations, then (EL2) reduces to

[¢(s.-)]

s = [g(as‘p’ 7)]

t=a

Vyy =0, (EL3)
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6.3 The exponential map 6 GEODESICS AND THE EXPONENTIAL MAP

i.e. y is a geodesic. See exercise 7.4b for a derivation.

The structure is identical to the Euclidean case: the Euler—Lagrange equations persist in local coordin-
ates, and the choice of pure kinetic energy as the Lagrangian means there are no force terms, and the
Euler—Lagrange equations reduce to the geodesic equation.

6.3 THE EXPONENTIAL MAP

Recall that by Theorem 6.4 for any p € M, and v € T, M there exists a unique maximal geodesic y,,
with y,, ,(0) = p, and ¥, ,,(0) = v, and that the component functions yllg’v(t) are smooth functions of
the initial data p and v in any local coordinate system.

We introduce first the domain of the exponential map. We denote by Q,, c T), M the set of tangent
vectors v € T),M such that y,, , exists for 7 € [0, 1],

Q,={veT,M:y,, existson [0,1] }.

Lemma 6.21 (Q,, is star-shaped around the origin). Let Q, c T, M be defined as above. Then
Q,, is star-shaped around 0; that is, if v € Q, and A € [0, 1], then Av € Q,,.

Proof. Let v € Q,, so the geodesic ), ,, is defined on [0, 1]. For any A € [0, 1], define o (¢) = v, (11).
Then o satisfies the geodesic equation with initial conditions o-(0) = p and &(0) = Av, so by uniqueness
0 = ¥p,av. Moreover, o is defined at least for 7 € [0, 1/1] > [0, 1], which shows that y,, ,, exists on
[0, 1]. Therefore, Av € Q,,, and since 0 € Q,,, it follows that ©, is star-shaped around 0. O

We introduce now the exponential map, which takes a tangent vector and returns the point reached by
following the geodesic starting at p in direction v after 7 = 1.

Definition 6.22 (Exponential map). We define exp , : Q, — M such that
exp, (v) = ¥p.u (1),

with y, , as in Theorem 6.4. Equivalently, expp(tv) = ¥p (7).

Consider e.g. M := S!, p any point on the circle, and v € T,S! a non-zero tangent vector. Then
exp,,(v) is the point on the circle reached by following the geodesic starting at p in direction v for
time f = 1.

i 1
veT,S
\

4

exp,, (v)

e 1S

Sl
One can informally think of it as a map sending straight lines, i.e. the set {Av : 1 € [0, 1]}, through the

origin in 7, M to geodesics through p in M.
We study now the differential of the exponential map at v,

dexp, |, : T(TpM) = Texp () M.

For this recall the following.

43
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For any finite dimensional vector space V, we have V = T,,V via ®,, : V — T, V. The latter is defined
by u —D,|, with D, |, (f) = % —of (v +1tu) for any f € C*(M) (see e.g. Exercise 4.2 of [TR24]).
Hence, whenever we view some u € T, M as an element of 7,7, M, we actually work with @, (u), but
write only u. To make this identification be compatible with our Riemannian metric setting, we define
an inner product on 7,7, M via the isomorphism ®, as

(Wi, W)t (0 = (@, (W1), @, (w2)), 01

(This is analogous to the pullback of a metric as in Definition 3.12 but ®,, plays the role of the differential
of the inducing map.) With this convention, the inner product on 7, (T, M) agrees with the inner
product on T), M, under the identification ®,,.

To give some intuition on the differential of the exponential consider this: By definition, exp , (1v) =
¥p.(t). We compute now the curve velocity. For this define ¢ : t + v, so that y,, , = expo c.

i)

= dexpp le(r) o de (5

d

!

'yp,v(t) = dyp,v (d_

= dexp, v (¢(1)
Evaluating at t = 1 shows that d exp » v (v) is precisely the velocity of the geodesic at r = 1, y,, ., (1).

Lemma 6.23 (Differential of Exponential Map). The differential dexpp lv=o : ,TpyM — T, M is
the identity map, hence exp , is a local diffeomorphism around v = 0.

Proof. By the inverse function theorem, it suffices to show that d exp » |v=o is invertible. For this recall
that 7,0 T,M = T, M, as discussed above. We will show that dexpp lv=0 = id7,m. For any map
F:N—> M,ifyisacurveinN,

>

t=0

AP GHO) = $(Foy)

see e.g. Proposition 3.17 and Corollary 3.18 in [TR24]. In particular, for exp Sy p.5(1), where
v(t) =1y, y(0) = ¥. So

=7 VPeT,M.
t=0

d
dexpp lv=0(¥) = $7p,v(1)

Hence d exp, |v:0 = idz, »r, which is invertible. Therefore, exp pisa local diffeomorphismatv =0. O

Lemma 6.24 (Isometries commute with exponential). Let (M, gp) and (N, gn) be smooth
Riemannian manifolds and let ® : M — N be an isometry, then ®(exp » (V) = expg(,) (do(v))
forallv e T,M.

In other words, the following diagram commutes for any p.

dp®
TyM —— To(p)N

exp P\L \Lequ, ()

MT>N
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Proof. See exercise 6.1. O

A consequence of the above lemma is that if ® is an isometry, then ® sends geodesics to geodesics.
In particular, if y is a geodesic in M, then @ o y is a geodesic in N. This is because ®(exp p(v)) =
€XPgy( ) (d®(v)) means that the image under @ of the geodesic starting at p with initial velocity v is
the geodesic starting at ®(p) with initial velocity d®(v). More formally we have

D(yp.v (1) = Yo p),do) (2)

forall ¢ € [0,1].

Lemma 6.25 (Isometries and Killing fields on connected manifolds). Let (M, g) be a smooth,
connected Riemannian manifold.

1. If @1, P, : M — M are isometries such that, for some p € M, and they agree at p and have
the same differential at p, i.e. ®1(p) = ®,(p) and d,®1 = d, P, then ®; = .

2. If X e I'(TM) is a Killing vector field such that, for some p € M, X|, =0, and (VX)|, =0,
then X =0 on M.

Proof. See Exercise 6.2. m

Lemma 6.26 (Geodesics orthogonal to a submanifold). Let (M, g) be a connected Riemannian
manifold and N ¢ M a smooth submanifold.

1. Let p € M and g € N be such that there exists a C! curve y : [0,1] — M with y(0) = p,
y(1) = g, and £(y) < £(o) for all C! curves o from p to N. Then y is a geodesic and
y(1) LT,;N.

2. If y : [0,1] — N minimizes length between points in N, then Vyy(r) L T, ;)N for all
te[0,1].

Proof. See Exercise 6.3. O

Definition 6.27 (Injectivity Radius). Let B,(0) = {v : ||[v|]lg < r}. The injectivity radius at p € M
is defined by

i(p) =sup{r >0: exp,, is a diffeomorphism on B, (0) c T, M}.

The injectivity radius of M is i(M) = inf ,cpr i(p). This is the largest radius for which the exponential
map is simultaneously a diffeomorphism at every point on the manifold.
To get some intuition of this slightly abstract definition, we will look at some examples.

Example 6.28. Recall that by Remark 6.6 geodesics on R" with the Euclidean metric gg are
straight lines, i.e. y, ., (f) = p +tv. So exp,(v) =p+v, which is a global diffeomorphism. Hence,
i(p) = oo for all p.

Upon identifying T,R" with R" itself, via the translation map v — p + v, the exponential map
becomes the identity.

Example 6.29. On the round sphere S? in R?, exp , maps straight lines on 7, S? to great circles on
S2.Soi(p) = nR.
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6.4 NORMAL COORDINATES

(Lecture 7)

Let (M, g) be a Riemannian manifold. Vp € M, v € T,M: y, (1) is the maximal geodesic from
Theorem 6.4 with y(0) = p, 7(0) = v. Recall the exponential map exp 8 CTH)M > M from
Definition 6.22, given by exp ,(#v) = ,,,(t). The exponential map flattens out the geometry of the
manifold as much as possible. Its inverse is a coordinate chart of the normal coordinates.

For this, we identify T,, M with R”" via a basis, {e1, ..., e,}, which is orthonormal with respect to g|,
(so that any v € T, M can be expanded as v = v'e;). From this perspective one can view the normal
coordinates as a push-forward of the cartesian coordinates on the tangent space via exp ,.

Remark 6.30. The choice of the basis {e;} is not canonical, and different choices will lead to different
normal coordinates.

Recall that any orthonormal basis {e;} of 7, M induces an isomorphism E : R" — T,M,x — x'e;,
where x = (x', ..., x™). Recall further that exp, is a local diffeomorphism by Lemma 6.23, so we can
restrict exp, to a neighborhood V of 0 € T),M such that exp, is a diffeomorphism there. We set
U:=exp,(V) and callita normal neighborhood of p.

Definition 6.31 (Normal coordinates). Let E and U be as above. Then we define the normal
coordinates on U by the chart ¢ : U — R" as

— -1 -1
p:=FE oexp, .

Remark 6.32. We have that
 On the chart, x(q) = (x!(g), ...,x"(q)) = E‘l(exp;(q)).
* ForveT,M, expp(v) € M and so x(expp ) = E‘l(expgl(expp(v)) =l ...

* The coordinate expression of the exponential, exp » in normal coordinates is the identity map,
as
= .— _ 1 1 _
exp, =¢oexp,cE=E" oexp, oexp,oE = Idg».

* Geodesics through p are straight lines. Let y(0) = p,y(0) = v. Then y(7) = exp » (tv). Define
the curve ¢(1) := ¢(y(t)) on the chart. Then c(t) = E~1(tv) = t(v1,...,v").

¢ The normal coordinates of p are (0, ...,0), because by definition exp ,(0) =p.

Lemma 6.33 (The metric normal coordinates). In normal coordinates centered at p,

8ij(0) = 6ij,  Okgij(0) =0, T}(0)=0.

Second derivatives of the metric in normal coordinates do not necessarily vanish at p. Those are related
to the curvature tensor.

Proof. Since xi(expp (v)) = v' by definition, we have xi(expp(t cej)) = t(S;. Hence, for all j =
0,1,...,n, the curve t — exp » (t-ej)isthe x/-coordinate curve and % is the tangent of this curve.

Therefore,
0

d
Fi . = E(expp(tej)) _ = dexpp |v=0(ej) =e;.
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So

=g(ei,ej)|p =0ij,

gij(x(p)) = gi;(0) = 8( 0 9 )
p

Axi” dxi

since {e;}!, is an orthonormal basis.
Recall that by Definition 6.22, the curve vy, ,(f) = exp » (tv) is a geodesic for any v. Therefore, in

normal coordinates: yf)’v(t) =t - vk, So the geodesic equation, jilli,v(t) + Fl.kj (vp.v(1)) )'/i,’v )‘/Lv =0,
becomes
Th(ypw (@) v/ =0 (6.7)

and by letting # = 0 we have for any v o
rf(0)v'v/ =0.

Since FZ‘A(O) is symmetric in i, j, we obtain I'%,(0) = 0.
J ij
And to obtain the second property above we use Definition 5.25 and Theorem 5.34, we find that

g o0

(9 ,-~:('3 e
k8ij k<8x‘ oxJ

> = 8aj F]‘:i + 8ai F]‘:j-

So Bkg,-j(O) =0. O

Remark 6.34. Equation (6.7) shows that the Christoffel symbols vanish along the geodesic vy, ,, for all
v. So the radial directions are special. (Geodesics are radial lines in normal coordinates, see previous
remark.)

exp,, |, is a linear map between inner product spaces, so we can ask how it interacts with the inner
product.

Lemma 6.35 (Gauss lemma). Forallv € Q, c T, M, and for all w € T,Q,, we have

<dexpp |v(v), dexpp |V(w)> = (v, w).

This means of course that

a) lldexp,, |, (Il = lIvIl.

b) For all w € T\,(T, M) orthogonal to v, we have:
<dexpp |v(v), dexpp |v(W)> =0.

The Gauss lemma does not imply that exp , is an isometry. An alternative proof can be found in
exercise 7.4c.

Proof. a) Recall that expp(tv) =vpv(t). Soyp (1) = %(expp (rv)) = dexpp |lv(v). We evaluate this
at7 =1 and get
Yp(1) = dexpp |v(v).

But y,,, is a geodesic, so [|7,,, (Dl = [17p,» (0) || = [[v]].

b) We will use the first variation formula for the length. Without loss of generality, ||w|| = |[v]||. This
curve goes through v, and @(0) = v and @’(0) = w, so it’s a circle around the origin in the tangent
space.

Let

a(s) = cos(s) - v +sin(s) - w,

so @(0) = v, @(0) = w, and ||a(s)|| = ||v]l, since v L w, ||[v|| = ||w]|| wrt. g.
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If ¢(1,5) = exp p(-als)), then the variation of the curve y,, , (¢), and ¢,(7) is a geodesic, because it is
Yp.a(s)(t), by Definition 6.22. By the first variation formula of the length, (6.4), we have

d 1 [d¢ . >
3,0 (@s (D).
50| <as L) o
But ¢(¢5) = f01 | ((99_[ _ /01 [Ivilds = lv]l, and y(1) = dexp, |v(V)-
g 9 i |
35|, = 9 Py _ =dexp, | @),
and therefore ;
9¢ _
05 |50, 1=1 - depr |V(W).
So () yields 0 = <d exp,, !V(v), dexpp |v(w)>, -

The Gauss Lemma implies that in the radial direction, the metric coeflicients are the same as in the
Euclidean case. For this consider the following situation.

Letv € V C T, M, where V is the neighborhood of 0 on which exp , is a diffeomorphism. Let
S € I'(TM) be defined on the normal neighborhood U = exp, (V) by

S(expp(v)) = dexpp |V(v),
or equivalently S(g) := dexpp |CXP_1(q)(exp;1(q)), where g = exp,(v) € U. Let (x!,...,x") be

normal coordinates with associated coordinate basis { 6‘9, }

Let (x!,...,x") be normal coordinates centered at p with coordinate basis {%LD}. Since p = E~ 1o
exp;l, we have x(gq) = ¢(q) = E~1(v), and therefore
y=x 9
B ax" p
Hence P
) i
S(g) =x dexpp ) (8xi p) .
Since E:R" - T,M,x xie; and tp‘l = exp, oF : R" — M, we have
0| _age =d E =d 0
axl g (¢ )lx(er) = (CXPp oE)|x(ei) = €xXp, lv el o
Therefore,
-0
S(q) =x'—
() =x x
(Alternatively, one can co mpute the coordinate expression S=dpoSop™t. Atx =p(q) = E"1(v)

this yields S(x) = x, hence $'(x) = x'.)
Such vector fields are called radial vector fields. This is of course a coordinate-dependent property.

Now using the Gauss lemma, the field S, and the fact that d exp » !V is the identity in normal coordinates,
we get

< .851 iaa > <S(exp (), dexpp| (W)>—<V w)

so we find
. .
gij(x)x'w/ = 6;x"w/.
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Since this identity holds for all w, the coefficients of w/ must agree, hence
gij(x) xl=x/. (6.8)

So for the radial directions, the metric coefficients are the same as in the Euclidean case.

Figure 1: A radial vector field.

Remark 6.36. As also visible in the figure, the radial vector field is orthogonal to the spheres centered
at 0 in T, M. Indeed, one can show that the exponential map sends spheres centered at 0 in T, M to
surfaces orthogonal to the geodesics y, .

Recall the notion of a normal neighborhood from Definition 6.31.

Definition 6.37 (Convex neighborhood). We consider normal coordinates on normal neighbor-
hoods U of p (any ¢ € U can be connected with a geodesic segment to p). The intersection of
such neighborhoods is called a convex neighborhood.

6.5 RIEMANNIAN POLAR COORDINATES

Recall remark 6.30. Instead of using Cartesian coordinates on 7, M, we could use polar coordinates
and push them forward on M via exp .

Assume dim M = 2, andlet ey, e, be an orthonormal frame at p. Let M > W), = exp,, ({veT,M:|v|l <i(p)})
be the image of the largest ball on which exp » is a diffeomorphism, see Definition 6.27 and Lemma
6.23. Let x, y be the normal coordinates of Definition 6.31 on W,,, i.e.

x = [E7 (exp}, (@),
v = [E7 (exp; ()]

We define now the polar coordinates induced by the normal coordinates, also known as Riemannian
polar coordinates by

) X
x=rcosf, y=rsinb, r=+x2+y% cosf =

In exercise 7.2a, we show that on R” they coincide with the usual polar coordinates. In 7.2b and ¢, we
compute metrics on other manifolds in Riemannian polar coordinates.
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Lemma 6.38 (Metric in polar coordinates). In these coordinates,
g =dr®dr+b%(r,0)do ® d6 = dr? + b*(r, 6) d6?,

with ,
. . 0b . 0°b
ll_r)%b(r,é?)—o, ’1’1_1')1'(1)5(7',9)—1, 11ir(1)m(r,9)—0

Equivalently, b(r,60) =r + O(r®) asr — 0.

Remark 6.39. On the flat plane R”, we have gg = dr? + r? d6?, which again coincides with the usual
polar coordinates. This formula for the metric is derived in exercise 1.3.

Proof. In polar coordinates:
q(r,0) = expp(r cosf-e;+rsinf-ey) = expp(r - (cosBeq +sinf ey)).

So r > ¢(r,0) is a geodesic (with 6 fixed), and its tangent vector is £=. Explicitly:

0

— :dexpp|v(coseel+sin0e2),

or expp(v)

0 .

— =dexp, |V(r-(—51n0e1+c05062)),
96 expp(v)

where v = r(cos@ eq +sinf e).
Since r +— ¢(r,0) is a geodesic, ”%” is constant in . As r — O:

0
—H — ||cosfeq +sinfes|| =1,
or

s0 g, = 1 everywhere. (This is Gauss lemma part (a).)

In other words, since r — ¢(r, ) is a geodesic with initial velocity cos 6 e; + sin 6 e, (a unit vector), it
has constant unit speed. Hence || 2| = 1, i.e., g = 1 everywhere, by Gauss lemma part (a).

For the off-diagonal term, note that in 7), M the vectors cos 6 e1 +sin 6 e, (radial) and —sin 6 e1 +cos 6 e,
(tangential) are orthogonal. By Gauss lemma part (b):

0 0
gro={—,—)=r-{cosfey+sinfBey, —sinfeq +cosbey)r p =0.
or’ 00 P

Therefore:
g=28rr dr? + 2g,0drdf+ gge do® = dr® + goo de>.

Now we compute b(r,0) = || Z| = vzae-
From the coordinate transformation x = r cos 6, y = r sin 6:

0 0 0
o =cosea+sin95,

0 0
39 = —rsin@a +rcos€$.
Therefore:

g06 = rzg(—sinHB% +c059%, —sinea% +cos€l%)

=r? (sin2 08xx —2sinfcosb gyy + cos? ngy) .
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6.5 Riemannian polar coordinates 6 GEODESICS AND THE EXPONENTIAL MAP

In normal coordinates centered at p, we have g;;(0) = 6;; and dkg;;(0) = 0, so Taylor expansion gives:
gxx =1 +0(r2), 8xy = O(rz), gy =1+ O(rz).

Substituting:

goo =12 (sin2 0(1+0(r?)) —2sin@ cos b - O(r?) + cos® (1 + O(rz))) =r2+0(r").

Therefore:
b(r,0) =gge = Nr2+0(r*) =r+0(r?),
which gives lim,_,o b(r, 6) = 0, lim, g—lr’(r, #) =1, and lim,_, %(r, 0) = 0. m|

So of course this lemma was just an application of the Gauss lemma rephrased in polar coordinates.
but we see that in polar coordinates, the theorem is particularly useful, because the radial direction is
special in this setting.

In Riemannian polar coordinates, the curve y(r) = (r, 0) is a geodesic, with

0
/|l =l—|| = 1.
71 HaH

This is because in the original definition, this curve is r — exp p(r - u) where u = cos g e1 +sin g e
is a unit vector, which is exactly the geodesic y,,, with initial velocity u. The tangent vector is -, and

we just proved g, = ||%H2 = 1. So indeed ||y|| = 1. Therefore, the curve length of y is

(Yo = /0 19(s) ] ds = /O s .

The radial coordinate r in Riemannian polar coordinates is literally the distance traveled along the radial
geodesic from p. So the sphere of radius r in T, M maps under exp , to the set of points reached by
traveling distance r along radial geodesics from p.

This is a key step toward showing that radial geodesics are actually distance-minimizing (within the
injectivity radius). One direction of the relationship between geodesics and length-minimizing curves
is easy: by Lemma 6.16, geodesics are critical points of the length functional. The converse, that a
length-minimizing curve must be a geodesic, up to reparametrization by arc length, also follows from
the first variation formula, by a bump-function argument applied to the integrand. We will record this
as Corollary 6.43 below.

What is not automatic, and is the real content of the next theorem, is that within the injectivity radius
radial geodesics actually achieve the infimum defining the distance:

Theorem 6.40 (Radial geodesics minimize locally). Let p,g € (M, g) and d(p,q) < i(p). If
y: [0,1] —» M, y(0) = p, ¥(1) = q is such that £(y) = d(p, g), then 7 is a radial geodesic from p,
up to reparametrization.

Proof. We prove the statement in dimension 2. Let d = d(p, q).
Fix polar coordinates (r, §) around p, defined on the ball » < i(p). In these coordinates,

g =dr? +b?(r,6) d6%.

For any 1y € [0, 1] such that y|[o 4 lies in the chart, writing y(7) = (r(¢), 6(1)):
to ]
C(¥l10,50]) = / ViZ+b262dt > / |7 dr = r(tg) — r(0) = r(to). (6.9)
0 0
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6.5 Riemannian polar coordinates 6 GEODESICS AND THE EXPONENTIAL MAP

Since ¢(y) = d < i(p), the curve cannot escape the chart: if it did, r(¢) would reach i(p), forcing
£(y) > i(p), a contradiction. So y([0, 1]) lies in the chart, and applying (6.9) atto = 1 gives d = €(y) >
r(1). Conversely, the radial geodesic from p to y(1) has length (1), so d < r(1). Hence £(y) = r(1),
i.e. equality holds in (6.9).

In particular, at every ¢ where 7y is differentiable,

2+ b2(r, 0)62 = |7,

so b(r,0)8 = 0. Since b > 0 for r > 0, we get (¢) = 0 for t > 0. Thus @ is constant along vy, so y is
a radial curve. Reparametrizing by arc length (i.e. parametrise so that || (7)]| is constant in r) gives a
radial geodesic from p. m

Let (M, g) be a Riemannian manifold and p € M. For any R < i(p), the metric ball and the image of
the Euclidean ball under the exponential map coincide.

Corollary 6.41 (Metric balls via the exponential map). We have
B(p,R) = exp, {veT,M:|v| < R}.
Moreover, the metric sphere equals the exponential image of the Euclidean sphere:

0B(p,R) = expp{v €T,M:|v[[=R}={ge€M:d(p,q) =R}.

The content of this theorem is that two a priori different notions of “ball” agree within the injectivity
radius:

 The metric ball B(p,R) = {q € M : d(p, q) < R}, defined via the Riemannian distance d, which
is an infimum over lengths of all curves from p to q.

* The exponential image expp{v : [[v|l < R}, the set of endpoints of radial geodesics from p of length
at most R.

Proof sketch. The inclusion “2” is immediate: if g = exp,,(v) with [[v]| < R, then the radial geodesic
from p to g has length ||v||, so d(p,q) < |[v|| < R.

For the nontrivial inclusion “C”, let ¢ € B(p, R), so d(p,q) < R < i(p). Curves y from p to g with
£(7y) > i(p) cannot achieve the infimum, so we may restrict attention to curves with £(y) < i(p). For
any such curve, the argument in the proof of Theorem 6.40 shows that y stays in the normal chart and
satisfies

() > llexp, ' (9)ll.
Hence the radial geodesic from p to ¢, which has length exactly || exp;1 (¢)|l, achieves the infimum,

and d(p, q) = Ilexp,' (9.

By Theorem 6.40, this minimizer is (a reparametrization of ) a radial geodesic, so ¢ = exp , (v) for some
v with ||[v|| = d(p,q) < R.

The condition R < i(p) is essential: beyond the injectivity radius, exp, fails to be injective, and the
exponential image of a Euclidean ball need no longer coincide with the metric ball (e.g., on S? with
i(p) = &, the exponential image of a ball of radius R > 7 wraps around the sphere). o

Definition 6.42 (Locally length-minimizing curve). A curve y: I — (M, g) locally minimizes the
length if for all 7y € I, there exists & > O such that forall 7 —& <11 <1, <19+ &:

d(’)/(ﬁ), ’Y(IZ)) = 5(7| [l‘1,l‘2])'
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7 COMPLETENESS OF MANIFOLDS

We saw earlier the variational fact that geodesics are critical points of the length functional (Lemma
6.16). The corollary below upgrades this to a genuine minimization statement, by applying Theorem 6.40
locally; at each point one identifies distance-realizing curves as radial geodesics from that point.

Corollary 6.43 (Geodesics minimze the length locally). A curve locally minimizes the length if
and only if it is a reparametrization of a geodesic.

Proof sketch. “ <= ”: Lety be a geodesic and 7y € I. Choose & > 0 small enough that y([7o—&, t9+£]) lies
inside a normal ball around y(#) of radius less than i(y(#9)). For any 71, #5 in this interval, Theorem 6.40
applied at (1) shows that the length-minimizer from y(#1) to y(z) is a radial geodesic.

By uniqueness of geodesics with given initial data (Theorem 6.4), this radial geodesic coincides with
Yl{t1,1,]> up to reparametrization. Hence £(yl(4,.1,1) = d(y(t1), y(t2)).

“ = 7: Suppose ¥ locally minimizes length. Reparametrize by arc length (i.e. parametrise so that
|l7(2)|] is constant in ). For each 7y € I, pick & as above so that locally y realizes the distance between
its endpoints. By Theorem 6.40, y|[1,—s,1,+£] is a radial geodesic from y(#o — &), hence in particular a
geodesic. Since being a geodesic is a local condition, v is a geodesic on all of 7. o

7 COMPLETENESS OF MANIFOLDS

(Lecture 8)

What can we say about the geodesic flow on Riemannian manifolds that are complete as metric spaces?
In what follows, (M, g) is connected.

Definition 7.1 (Completeness). Let (M, g) be a Riemannian manifold.
1. We will say that a maximal geodesic y: I — M is complete if I = R.
2. We will say that (M, g) is geodesically complete if every maximal geodesic is complete.

3. (M, dyg) is a complete metric space (or simplify complete) if every Cauchy sequence converges.

Examples
¢ On (R?, gg), all maximal geodesics are complete

* On the disk (D?, gg) this is not true

We will now characterize geodesic completeness (i.e. the Riemannian metric structure) in terms of the
metric space structure of (M, dg). For simplicity we will assume connectedness, but this is not really
necessary.

Theorem 7.2 (Hopf—Rinow). The following are equivalent for a connected (M, g):
(a) (M, g) is geodesically complete.
(b) There exists p € M such that every maximal geodesic through p is complete.

(c) Every closed metric ball in the metric space (M, dg) is compact.

(d) (M,dy) is a complete metric space.

Recall that (c) is also called the Bolzano—Weierstrass property. Sometimes this theorem is stated only as
an equivalence between (a) and (d). The requirement of connectedness is only required for (b).
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7 COMPLETENESS OF MANIFOLDS

We will prove first the following intermediate result:

Lemma 7.3 (Geodesics from a complete point). Let (M, g) be connected and p € M. If every
maximal geodesic through p is complete, then for all ¢ € M there exists a geodesic y from p to ¢
of length ¢(y) = d(p, q).

Remark 7.4. The hypothesis is equivalent to saying that Q,, = T),M. As a corollary: if Q,, = T),M, then
exp,, is onto.

Locally this is always true, as we have seen before in Lemma 6.23. And it is also globally true, if every
maximal geodesic through p is complete.

Proof. Letd :=d(p,q) > 0.
Choose & such that 0 < & < min{i(p), d}, so that exp, isa diffeomorphism on B.(0) c T,M. By
Corollary 6.41,

B(p,e)={xeM:d(p,x)<e}= expp{v eT,M: |v] < &},
and in particular the metric sphere dB(p, €) = exp p{v . [[v|l = &} is compact.
We choose now the initial direction. Since dB(p, €) is compact and x > d(x, g) is continuous, there
exists y1 € 0B(p, &) minimizing d(-,q) on dB(p, g). Write y; = expp(v) with ||v|| = g, set vy = v/|Iv]],
and define
v(t) = expp(tv1).

By the hypothesis (every maximal geodesic through p is complete), y is defined for all 7 € R. Note
that |||l = 1 and y(&) = y1. Note that this is the only point in the proof where the completeness hypothesis is
used. We claim that y(d) = ¢, which proves the theorem since £(y|[o,4]) = d.

Step 1: we show that d(y1,q9) =d — .
Any piecewise C! curve o from p to g must cross dB(p, €) at some point y, so

(o) z2e+d(y,q) 2e+d(y1,q).

Taking the infimum over all such o gives d > ¢ + d(y1,q), i.e., d(y1,q) < d — e. Combined with the
triangle inequality d < € + d(y1, g), we get equality.

Step 2: Setting up the continuity argument.
By the triangle inequality, for all s € [0, d],

d(p,q) <d(p,y(s)) +d(y(s),q) <s+d(y(s),q),

e
d(y(s),q) =d—-s Vs e [0,d]. (7.1)

Define
J:={s€[0,d]:d(y(s),q) =d - s}.

We will show d € J, which gives d(y(d), gq) = 0, hence y(d) = q. We observe:
1. 0 € J, since y(0) = p.
2. J is downward closed: if 7o € J and 1 € [0, 1], then
d(y(1),q) < d(y(1),y(10)) +d(y(to),q) < (1o —1) + (d —19) =d — 1,

which combined with (7.1) gives ¢ € J.

54



7 COMPLETENESS OF MANIFOLDS

3. Jis closed in [0, d], by continuity of s > d(y(s), ).
4. € € J, by Step 1.

Step 3: Inductive step.

We claim that if ¢y € J with #y < d, then there exists &’ > 0 such that ¢y + &’ € J. Choose &’ such
that 0 < &’ < min{i(y(#)), d(y(t0),q)}. As in Step 1, applied now at y(zy) instead of p (using that
d(y(to),q) = d —ty > 0), there exists z € dB(y(ty), ¢’) minimizing d(-, ¢) on this sphere, and

d(z,q) =d(y(to),q) —&' =d -ty - &'

Write z = expy(lo)(w) with ||w|| = &, and define

) =expy o (s), seloe],

s0 7(0) = y(t9), #(&’) = z, and ||¥|| = 1. Consider the concatenated curve

a(t) = {Y(t)’ O<t

<t <1y,
P(t—t9), to<t<ty+&.

Then a is piecewise C! with ¢(a) =19+ &’, and
d(p,z) > d(p,q)—-d(z,q) = d-(d-to-¢') = to+& = {(a).

Since also d(p,z) < ¢(a) trivially, a is length-minimizing from p to z. By Corollary 6.43, a is (a
reparametrization of) a geodesic; since ||d|| = 1 on each piece, a is itself a geodesic. In particular a
is smooth at 79, so a(ty) = a(ty). But aljo,s) = ¥l[0.s) giVes a(ty) = ¥(to), so ¥(-) and y(to + - ) are
geodesics with the same initial position y(#9) and the same initial velocity y(#y). By uniqueness of
geodesics (Theorem 6.4)

§(s) =y(to+s)  Vsel[0,&].
In particular y (7o + &’) = ¥(&’) = z, s0

d(y(to+¢'),q) =d(z,q) =d - (1o + £"),

which means tg + &’ € J.

Step 4: Conclusion.
Let t* := supJ. Since J is closed (item 3), t* € J. If * < d, then by Step 3 there exists &’ > 0 with
t* + ¢’ € J, contradicting the definition of 7*. Hence t* = d, so d € J and y(d) = q. i

We prove now the Hopf—Rinow theorem.

Proof. a = b: Obvious, since (a) implies in particular that all maximal geodesics through any fixed
p are complete.

b = c: We first show that B(p, R) is compact for the specific p from hypothesis (b). By Lemma 7.3,
every ¢ € M can be written as g = exp,(v) with ||v]| = d(p, q), so

B(p,R) = exp,{v € T,M : |lv|| < R}.

The right hand side is the image, under the continuous map exp , (defined on all of 7, M by hypo-
thesis (b)), of a closed and bounded, and therefore compact subset of 7, M = R". So B(p, R) is compact.
For an arbitrary z € M and R > 0, the triangle inequality gives

B(z,R) € B(p.R+d(p.z)).
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So B(z, R) is a closed subset of a compact set, hence compact.

¢ = d: Let (x,) be a Cauchy sequence in M. Then (x,) is bounded, so it is contained in some closed
ball B(x1, R), which is compact by (c). Hence (x,) has a convergent subsequence (x,,,) — x, and a
Cauchy sequence with a convergent subsequence converges to the same limit.

d = a:Lety: I — M be a maximal geodesic. By Lemma 6.7, ||y|| is constant; reparametrizing
by a constant if necessary (which does not change whether I = R), we may assume |[|y|| = 1. Write
I = (t_,1,) and assume for contradiction that 7, < +co (the case 7_ > —co is symmetric). Pick any 0 € 1.
For t,, € [0,t,) with 7,, — f,, we have

d(y(tm),y(tn)) < |tm = tul,

so (y(tn)) is Cauchy and by (d) converges to some ¢ € M. Now apply local ODE existence to the
geodesic equation in a chart around ¢: there exists ¢ > 0 such that for any initial condition (po, vo) in
some neighborhood of (g, -) in the tangent bundle, the geodesic vy, v, exists on [0, 6]. (Uniformity
is possible because the relevant set of initial conditions has compact closure in TM: y(t,) — g and
l7 ()]l = 1.) Pick n large enough that 7, — 1, < 6 and (y(#,), ¥7(,)) lies in this neighborhood. Then
the geodesic with initial data (y(z,), y(t,)) exists on [0, 6], and by uniqueness it agrees with y (7, + -)
on [0, 7, —t,). This extends y past 7., contradicting maximality. O

We remark that the term synthetic geometry describes the approach using properties like geodesics,
distance, etc. Hopf—Rinow is part of a synthetic view of geometry.

8 CURVATURE

(Lecture 9)

We will study the curvature of a Riemannian manifold from an intrinsic viewpoint: relative acceleration
of nearby geodesics, angles of triangles, etc.

Definition 8.1 (Riemann curvature tensor). The Riemann curvature tensor R € T31 (M) of a connec-
tion V is defined as
R(X,Y)Z =VxVyZ - VyVxZ - V|x y|Z.

One can view R(X,Y) as an operator from I'(TM) to itself via R(X,Y) = [Vx,Vy] = V[xy], so
R(X,Y)Z e T(TM).

Theorem 8.2 (R is a tensor field). R is C*-linear in all its arguments.

Proof. 1t suffices to prove it is C*-linear in all its arguments.
Recall: [fX,Y] = fIX,Y]-Y(f) X.

So
R(fX,Y)Z =V yxVyZ = VyVxZ = Visxy|Z
= fVxVWZ -Vy(fVxZ) - Vyixyl-v(H)xZ
=fVXVYZ -Y(f)VxZ - fVyVxZ - fVx 1 Z+Y(f)VxZ
= fR(X,Y)Z.
Similarly for the other arguments. o

We will be only interested in the Riemann curvature tensor of the Levi-Civita connection of (M, g).
To get some geometrical intuition of R consider the following situation.
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Let X,Y be coordinate vector fields, so [X,Y] = 0, by (5.1). Starting from p € M and successively
flowing along X, Y, —X, —Y for small times s1, 52, 51, 52 respectively, we obtain a closed loop y(s1, 52)
at p (the loop closes exactly because the flows of X and ¥ commute). Let P: T,M — T, M denote
parallel transport once around this loop. Then we have the following

Lemma 8.3 (Characterisation of the Riemann curvature tensor).

PZ — 7 51,5050

R(X,Y) - Z.
S1 82
Proof. See exercise 9.4b. m]
—S1X
Z
—SzY ~ S1S2R(X, Y)Z S2Y
T PZ
p 51X

So R(X,Y)Z measures, to leading order, the failure of parallel transport around an infinitesimal co-
ordinate loop of area 515, to return Z to itself.

Remark 8.4. This gives a heuristic explanation for one of the symmetries of R that we will prove
rigorously in Theorem 8.9. Since P is a linear isometry, expanding (PZ, PW) = (Z, W) to leading
order in 515, forces

(R(X,Y)Z,W) +(Z,R(X,Y)W) =0,
i.e. R(X,Y) is skew-symmetric in its last two arguments.

Recall the musical isomorphism b: TM — T*M, X +— XY = g(X, "), with components X, = ga»X".
We use it to lower the vector-valued output of R to a (0, 4)-tensor. (Since Vg = 0 for the Levi-Civita
connection, lowering and raising indices commutes with V, which will be convenient later.)

Definition 8.5 (The (0,4) Riemann curvature tensor). We define the (0, 4)-Riemann curvature
tensor R € T, (M) by
R(X,Y,Z,W) = g(X, R(Z,W)Y).

Equivalently, using the musical isomorphism b:

R(X,Y,Z,W) = X"(R(Z,W)Y).

Be aware, that this tensor is often the subject of confusion: different authors have different sign
conventions, and further, the™symbol is often not written explicitly. We will also adopt this convention.
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The type of arguments the tensor is evaluated on will make clear which version of the tensor we are
using.
The components of R as a (1, 3)-tensor are defined by

R(dy,0s) 0g = R gys Oa

so that R%s,s5 = (R(8y,85) dg)”. The components of the (0, 4)-tensor R are defined as usual by
evaluation on the coordinate basis,

Eaﬁyd = E(aa, aﬁa 6)/, 66) = g(aa’ R(aya 66) aﬁ) =8au Rﬂﬁyé-

From now on we drop the hat and write

Rapys = gau R pys. (8.1)

Lemma 8.6 (Components of the Riemann tensor). Inlocal coordinates, the components of the
Riemann tensor are
a _ a a a A a A
Ripys = 8,14, — 9sT%, + T4, T, ~T% T, (8.2)

The components of the lowered tensor Rogys = §au R*gys can be written as

Raopgys = % (857 8as — aczry 8ps t+ 835 8By — aé(s gay) +0(g,0g), (8-3)

1

where Q(g, dg) is a function of g, its inverse g ', and first derivatives dg, but no higher derivatives.

We will derive the first formula here. Equation (8.3) is a consequence of the first formula and the
Christoffel formula, Definition 5.25.

Proof. By the definition of the Riemann tensor (Definition 8.1) and the fact that coordinate vector
fields commute, (5.1),

R(0y,05) 0p = V4,V5,0p = V,Va,0p.
By the definition of the Christoffel symbols (Definition 5.25):

Vs 0p = T3, 0x.
Applying Vs, to both sides and using the Leibniz rule for the connection (Definition 5.23, axiom 3):
3| _ 7| 3|
Va, (I 02) = 9, (T4y) 01+ T, Va,00
=9,(T'4,) 02413, T, .

Renaming the dummy index 4 — a in the first term:

Vo, (I 04) = 0,(T'%,) da + T4, T, ba
The analogous expression with y and § swapped is:

Vas (T 02) = 05(1%,) 90 + T4, T, a.

Subtracting:
R(0y,05) B = (0%, = 5T, + T4, T, = T4, T4, ) .

Reading off the d,-component yields (8.2).
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Remark 8.7. Note: R = 0 on (R", gg). Conversely, one can show that (M, g) is locally isometric to
(R", gg) ifand only if R = 0.

Remark 8.8. In normal coordinates around p, by Lemma 6.33, g;;|, = d;; and dg|, = 0. So the
formula for R,pys from (8.3) simplifies at p to

, (8.4)
p

2 2 2 2
Raﬁ7’5|p = %(aﬁy 8as — aay 8Bs t 6(16 88y ~ aﬁ& ga’?’)

since the derivative terms dg terms vanish at p. Moreover, by the Gauss lemma, the identity (6.8) holds
on the entire normal neighborhood (not just at p):

g,-j(x)xi =X;.

Differentiating three times with respect to x%, x#, x” and evaluating at p (where x = 0 and dg|,, = 0)
yields the cyclic identity

2 2 2
aﬁyg(16|p +ay5 gaﬁ|p +85'3gay|p =0.

Substituting this into (8.4), the formula simplifies to

2 2
Raﬁy(5|p = (%y 8as — 0g, 8,86) |p-

Theorem 8.9 (Symmetries of the Riemann curvature tensor). 1. Antisymmetry in the first pair:
R(X,Y)Z = —R(Y,X)Z

2. Antisymmetry in the last arguments: (R(X,Y) - W,Z) = —(R(X,Y) - Z, W)
3. Symmetry pairwise: R(X,Y,Z, W) =R(Z,W,X,Y)

4. 1% Bianchi identity: R(X,Y,Z, W) + R(Z, X.Y,W) + R(Y, Z, X, W) = 0

5. 27 Bianchi identity: (VxR)(Y, Z,V, W) + (VzR)(X,Y,V,W) + (VyR)(Z,X,V,W) = 0
Recall (8.1) for the notation of R,p,s: the last three bullets are the (0, 4)-Riemann curvature tensor,
and the first two are the (1, 3)-Riemann curvature tensor.

Proof. It suffices to prove the identities in one coordinate system for coordinate vector fields. We
choose normal coordinates at p. The statements become:

i-ili) Rapys = —Rpays = —~Rapsy = Rysap
iV) Raﬁyé + Ryaﬁé + R,Byad =0
V) VaRgyss + VyRapss + VpRyass =0

Identities i-iii) follow immediately from the explicit expression (8.4), and iv) follows from i-iii). For
v), since I'|,, = 0, we have

VaR,By(Ss'p = a(lRﬁ)/(Sé‘ P’

and the cyclic sum of 0,Rpy 5+ at p vanishes by direct computation from (8.4). o

Remark 8.10 (R as a map on bivectors). Since R is antisymmetric in its first two arguments, we can
view it as a map on bivectors:
R(X,Y) = R\(X AY),
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where X AY € A’T, M. (Recall from Section 4.6 that A can be applied to vectors as well as differential
forms.) The antisymmetry X A Y = Y A X in A?T,, M then automatically encodes the antisymmetry
R(X,Y) = —R(Y, X).

This is a special case of the following general algebraic fact. Let V, W be vector spacesand B : VXV — W
a bilinear, alternating map (i.e. B(X,Y) = =B(Y, X) and B(X, X) = 0 for any X). Then B factors through
AV XV — A?V: there is a unique linear map B, : A2V — W such that

B(X,Y)=Bo(XAY) forallX,Y €V.

One can check this by defining Bo(X AY) := B(X,Y) on simple bivectors and extending by linearity,
then verifying well-definedness (the relations defining A%V are respected) and uniqueness (simple
bivectors X A Y span A%V).

VXV —L 5 A2y

|
|
\ | BA
B

1
W

Lemma 8.11 (Geodesic deviation equation). Let (M, g) be a smooth Riemannian manifold and let
¢ : (—€,€)x[0,1] — M be a smooth map such that, for each s € (—¢, €), the curve y; = ¢(s, ) is
a geodesic. Define the vector fields along ¢

0 0
reaf2), xesol?)
Then

ViVrX = —R(X,T)T.

Proof. See exercise 9.3. O

Here, intuitively, X measures the infinitesimal separation between nearby geodesics; thus, the Riemann
curvature tensor measures the relative acceleration of nearby geodesics.

Definition 8.12 (Flat manifold). A Riemannian manifold (M, g) is called (locally) flat if every
point p € M has a neighborhood that is isometric to an open subset of Euclidean space (R", gg).
Equivalently, around each p one can find coordinates in which g;; = d;; on a neighborhood of p.

Remark 8.13. This is a local condition. Globally, a flat manifold need not look like R”. The flat torus
T" = R"/Z" and the flat cylinder S! x R are both locally flat but globally distinct from R”.

Lemma 8.14 (Flat &= R =0). A Riemannian manifold (M, g) is locally flat if and only if R = 0.

Proof sketch. If (M, g) is locally flat, then in coordinates where g;; = 6;; all Christoffel symbols vanish,
s0 R = 0 by the formula (8.2). Since R is a tensor (Theorem 8.2), this holds in every coordinate system.
The other direction (R =0 = locally flat) is more delicate. It is proved in Exercise 10.4(c) for the
shape operator of geodesic spheres. O

Remark 8.15 (Degrees of freedom of the curvature tensor). In 2D, there is only one independent
component. This single number is the Gaussian curvature.

Using a combinatorial argument, one can show that in higher dimensions, we have more degrees
of freedom. One can show that in 3D, we have 6 independent components. In 4D, we have 20
independent components.
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8.1 SECTIONAL CURVATURE

Definition 8.16 (Sectional curvature). Let (M, g) be a Riemannian manifold and IT € T, M a 2-
dimensional subspace spanned by linearly independent vectors X,Y € T, M. The sectional curvature

associated to IT is
R(X,Y,X,Y)

X2 Y112 = (X, ¥)?

K(X.,Y) :=

Remark 8.17. The numerator R(X,Y, X,Y) is the (0, 4)-tensor evaluated on (X, Y, X,Y); equivalently,
in (1, 3)-form,

R(X,Y,X,Y) = (R(X,Y)Y, X).
The denominator || X||?||Y||? - (X,Y)? = ||X A Y||? is the squared area of the parallelogram spanned by
X and Y, so K(I1) is a ratio of areas and depends only on the plane II, not on the choice of spanning
vectors. We will verify this independence in the next lemma.

Lemma 8.18 (Sectional curvature). K(X,Y) is independent of the choice of X, Y spanning II.

Remark 8.19. As K depends only on the plane I1, we write also K (IT) instead of K(X,Y).

Proof. Let ey, e be an orthonormal basis of T, so that X = Xle; + X2ep and Y = Yley + Ve,
Then due to the symmetries of R one can show that

xt yh)\?
R(X,Y,X,Y) = (det (X2 YZ)) R(€1,ez,€1,€2),
and further one can easily compute that
xt yh)\?
IXI2 Y1 - x.v)? = (det (Xz Yz)) - o

Remark 8.20 (R as a quadratic form on bivectors). Recall Section 4.6 and Remark 8.10, where the
bivectors X AY € A?T, M were introduced and R was viewed as the operator-valued map R, acting on
a single bivector. The map R, defined below is different: it takes fwo bivectors and returns a scalar in R.
R, is the (0, 4) analogue of R, exactly as R is of R. (For the tensors R and R we follow the convention
to drop the hat symbol as remarked earlier).

First, note that the natural inner product on A>T, M is defined by

(XANY,ZAW) =(X,Z)Y, W) —(X,W)XY,Z),

so in particular | X AY||? = || X||?||Y]|*— (X, Y)?, matching the denominator of K. By the antisymmetries
of R (Theorem 8.9, items 1 and 2), the curvature tensor reduces to a bilinear map

Ry : A’ T,M x A’T,M — R, RA(XAY,ZAW):=R(X,Y,Z, W),

and the pairwise symmetry (item 3) makes R, a symmetric bilinear form on A>T, M. In this picture the
sectional curvature reads R
RA(X ANY, X AY)

IXAyYj> -
which looks a bit like a Rayleigh-quotient: it depends only on the bivector X A Y up to scaling,
equivalently only on the plane IT = span(X,Y).

K(IT) =

We introduce now the Ricci tensor. It controls volume distortion: it measures how volumes of small
geodesic balls deviate from the Euclidean volume in the direction v. Equivalently, Ric governs the
average behaviour of nearby geodesics: if Ric(y, y) > 0, geodesics neighbouring y tend on average to
converge.
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Definition 8.21 (Ricci curvature). The Ricci tensor Ric € TJ (M) is the trace of the curvature

operator in the first slot:
Ric(X,Y) =tr(Z+—> R(Z,X)Y).

In components,

Ricaﬁ = R'ua,u,B = g,uv RVQuﬂ-

If {e;}", is a local orthonormal frame, then

n
Ric(X,Y) = Z R(ei, X, e, ).
i=1
The Ricci tensor is symmetric, Ric(X,Y) = Ric(Y, X) (see Exercis 9.1a).

Remark 8.22 (There is one unique Ricci tensor). There are three possible contractions of the upper
index of R%p.4 with one of the lower indices:

* R%ca = 0, since this contracts a symmetric tensor (g“#, used to raise the index) with one
antisymmetric in (¢, a) (the antisymmetry of R, 4¢q in its first pair).

* R%aa = Ricpy (this is of course the Ricci tensor).
* R%cq = —R%4c = —Ricp,, (this is the negative Ricci tensor).

So up to sign, there is only one nontrivial contraction of R.

Definition 8.23 (Scalar curvature). The scalar curvature S € C*(M) is the trace of the Ricci tensor
with respect to g,

S = gij RiCij.
Equivalently, in a local orthonormal frame {e;}! |, we have

n

S = ZRiC(ei,ei) = Z R(ej,ej,eiej).
i1

i,j=1

The three curvatures form a hierarchy of decreasing information:

R — Ric — 5 .
S~—— S~— S~——
full tensor symmetric (0,2)-tensor scalar

Each is a contraction of the previous: Ric is a trace of R, and S is a trace of Ric. At each step information
is lost, but the resulting object is simpler to work with.

Lemma 8.24 (Curvatures on a space of constant sectional curvature). If (M, g) has constant
sectional curvature K, then

Ricij=(n-1)Kg;j, S=n(n-1)K.

Proof. See handwritten notes. m|
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9 RIEMANNIAN SUBMANIFOLDS

Example 8.25 (Spaces of constant sectional curvature). The round sphere S” (and its quotients,
e.g. RP") has constant positive sectional curvature. Hyperbolic space H" has constant negative
sectional curvature. Euclidean space R has K = 0, hence Ric =0 and § = 0.

9 RIEMANNIAN SUBMANIFOLDS

We introduce some natural notions for submanifolds, and characterize the geometry of submanifolds
in terms of the curvature tensors.
Let N be a submanifold of (M™,g), so locally, for all p € N, there exists a coordinate system
(x!,...,x™) on U C M such that

NnU={peM:x""'(p)=.. =x"(p) =0}
The tangent space of N at p is
T,N={veT,M:v* =...=y" =0},
where V' are the coordinates of v in the basis 6;. There is also the perpendicular space to N at p:
T,N*={weT,M:w=---=w"=0}={weT,M:w LT,N}

where L is to be understood with respect to the metric g. We define the orthogonal projections

" T,M — T,N (9.1)
r:T,M — T,N*. (9.2)
So all X can be decomposed as
V= VT + V'L,

where v!' = 7 (v) and v+ = 7t (v), because T,M = T,N & T, N*.
Definition 9.1 (Metric on Riemannian submanifold). We define the induced metric (first funda-
mental form) on N by g := g|r,n, i.e. ateach p € N, we take the bilinear form g, : T, M XT, M —

R and restrict both arguments to vectors in 7, N:

gp(u,v)=gp(u,v), u,veT,N.

For any vector fields X, Y on N, we decompose the covariant derivative (computed in M) into tangential
and normal components:
VxY = ﬂ'T(VxY) + n'J‘(VXY)’

where the first term is the induced connection on N, and the second one the second fundamental form,
also denoted by B(X,Y) = n+(VxY) € TN*.

(Lecture 10)

We collect three properties of vector X € I'(T'M) fields on a manifold M that are tangent to a submanifold
N (i.e. satisfy X, € T,N for all p € N).

Lemma 9.2. Let X € I'(TM) be tangent to N. Then:

(a) X is tangent to N if and only if X (f )| n = 0 for every f € C*(M) that is constant on N.

(b) If X,Y € I'(TM) are both tangent to N, then [X, Y] is tangent to N.
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9 RIEMANNIAN SUBMANIFOLDS

| (c) Every vector field on N admits an extension to a vector field on M tangent to N.

Sketch of proof. Locally, around any p € N, we can find coordinates (x!,...,x™) such that N = {x"*1 =

.- =x™=0}. Then Xo = X'9; e [(M,N) if X'|,, =0fori=n+1,....m. O

Theorem 9.3 (V is the Levi-Civita connection of g). The connection V on N defined by VxY :=
nT(VxY) is the Levi-Civita connection of the induced metric 3.

Proof. Recall that the Levi-Civita connection is characterized by two properties: torsion-freeness and
metric compatibility.

Recall that B is the second fundamental form, defined by B(X,Y) = 7t (VxY),s0 VxY = VxY+B(X,Y).
Let X, Y, Z be vector fields on N, and extend them to vector fields on M tangent to N (Lemma 9.2 (c)).
Then [X, Y] is also tangent to N (Lemma 9.2 (b)), and along N the ambient bracket [X, Y] coincides
with the bracket on N.

Torsion-free: Using VxY = VxY + B(X,Y) with B(X,Y), B(Y, X) € TN*,

VxY = VyX = (VxV)" = (WwX)" = (VxY - VyX)T = [X,Y]" = [X,Y],

where the last equality uses that [X, Y] is tangent to N.
Metric-compatible: For X, Y, Z as above, along N:

X(@gWY,2)=X(g,2)) (since Y, Z tangent to N)
=g(VxY,Z) +g(Y,VxZ) (V metric-compatible)
=g(VxY +B(X,Y),Z) +g(Y,VxZ + B(X, Z))
=g(VxY.Z) +g(Y,Vx2),

where the B(X,Y) and B(X, Z) terms vanish since they lie in TN+ while Z,Y € TN. Since VxY, Z and
Y,VxZ alllie in TN, we can replace g with g:

X(g(Y,2)) =g(VxY,2) +§(Y,VxZ).

Theorem 9.4 (Properties of the second fundamental form). The second fundamental form
B(X,Y) = 7+ (VxY) of a submanifold N c (M, g) satisfies:

(a) Bis C*(N)-bilinear, i.e. a (0,2)-tensor on N with values in TN*.

(b) Asa consequence of (a), the value B(X,Y)|, at p € N depends only on X, and Y,,, giving a
well-defined map B, : T,N xT,N — T,N*.

(c) Bissymmetric: B(X,Y) = B(Y, X).

Proof. Let X,Y be vector fields on M tangent to N, and f € C®(N) (extended arbitrarily to C*(M)).

(a) Linearity in the first argument is immediate from C*®(M)-linearity of V in its first slot: B(fX,Y) =
7+ (f VxY) = f B(X,Y). For the second:
B(X, fY) =" (fVxY + X(f)Y) = f B(X,Y) + X(f) n*(Y) = f B(X.Y),
——

=0

since Y is tangent to N.
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(b) follows from (a) by the standard pointwise-tensor characterization (Theorem 4.25).
(c) Since V is torsion-free and [ X, Y] is tangent to N:

B(X,Y) - B(Y,X) =n-(VxY - VyX) = - ([X,Y]) = 0. o

As in the case of surfaces in R®: the second fundamental form measures the acceleration (in M) of
geodesics in N:

Lemma 9.5 (Geodesic acceleration). Ify is a geodesic of (N, g), then
Vv =B(7.7).

Proof. By definition of a geodesic in N, V;y = 0. The decomposition V;y = V;7 + B(y,7) then gives
the claim. i

Definition 9.6 (Totally geodesic submanifold). N c (M, g) is totally geodesic if every geodesic in
(N, g) is also a geodesic in (M, g). Equivalently, by Lemma 9.5, B = 0.

Example 9.7. A linear subspace of R”, or the equator gl e g

9.1 THE FUNDAMENTAL EQUATIONS FOR A RIEMANNIAN SUBMANIFOLD

Theorem 9.8 (Weingarten equation). Let N C (M, g) be a submanifold, let X, Y be vector fields
on M tangent to N, and let W € I'(TM) with W L TN along N. Then at every point of N,

g(VXW’ Y) = _g(W’ B(X’ Y))

Proof. Along N, g(W,Y) = 0. Since X is tangent to N, differentiating along X and using metric
compatibility:

0=X(g(W,Y))
=g(VxW,Y) +g(W,VxY)
=g(VxW,Y) +g(W,VxY + B(X,Y))
=g(VxW.Y) +g(W,B(X.,Y)),

where the term g(W, VxY) = 0 since VxY € TN and W L TN. m|
The second fundamental form B relates the intrinsic curvature of N to the ambient curvature of M:

Theorem 9.9 (Gauss equation). For all X,Y,Z,W € T,N at a point p € N:
R(X,Y,Z,W)-R(X,Y,Z,W)=(B(X,Z), BY,W)) —(B(X,W), B(Y,Z)),
where R is the Riemann curvature tensor of (N, g) and R that of (M, g).
We will prove this later.

The right-hand side depends only on B, so the discrepancy between the intrinsic and ambient curvatures
is entirely controlled by the second fundamental form.
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Corollary 9.10 (Gauss equation for totally geodesic submanifolds). If N c (M, g) is totally
geodesic, then forall X,Y,Z e T,Natp € N,

R(X,Y)Z=R(X.,Y)Z.

Hence, intrinsically, N looks the same as the ambient M from the curvature point of view.

Corollary 9.11 (Gauss equation for sectional curvature). If II c T, N is a 2-plane spanned by
X.Y € T,N:
(B(X, X), B(Y,Y)) — |B(X, V)|’

(D) = K(10) + T

Remark 9.12 (Theorema Egregium). For a surface N* ¢ R3 with the induced metric, the ambient
sectional curvature vanishes (K = 0 in Euclidean space), so the Gauss equation reduces to
(B(X,X), B(Y,Y)) — |B(X, Y)||?

X AY? '

K(I) =
This is the Gauss curvature of the surface. Although the right-hand side is defined using the ambient

connection on R? (since B = nt o V uses the ambient V and the orthogonal projection), the Theorema
Egregium from Gauss states that the result depends only on g, the induced metric!

| Definition 9.13 (Hypersurface). A submanifold N ¢ M is called a hypersurface if dim N = dim M —1.

In this case T, N* is one-dimensional for all p € N.

Definition 9.14 (Co-orientation). A co-orientation of a hypersurface N ¢ (M, g) is a smooth unit
normal vector field 7 along N, i.e. i, € T,N* with ||7i,,|| = 1 for all p € N.

Remark 9.15. A co-orientation exists locally around every point, but not always globally: the Msbius
strip is an example of a hypersurface with no global co-orientation. When a global co-orientation
exists, N is often called co-orientable.

Definition 9.16 (Scalar second fundamental form). Let N C (M, g) be a co-oriented hypersurface
with unit normal A. The scalar second fundamental form is the (0, 2)-tensor

b(X,Y) =g(B(X,Y), ), X, YeTN,

so that B(X,Y) = b(X,Y) A.

There are two more useful equivalent expressions for b:
* Since B(X,Y) = nt(VxY) and 7 is a unit normal, 7+ (VxY) = g(VxY, A) A, hence

b(X,Y) = g(VxY, ).

* By the Weingarten equation (Theorem 9.8) applied with W = 7,
b(X,Y) = —g(Vxh, Y). (9.3)

(Lecture 11)

We will now prove Theorem 9.9.
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Proof. Extend X,Y,Z, W to vector fields on M tangent to N. Without loss of generality, choose
extensions with [X,Y], = 0 at the point of interest (this is always possible by working in normal
coordinates centered at p).

Recall that, by the symmetries of R (Theorem 8.9), R(X,Y,Z,W) = (R(X,Y)W, Z). We expand the
intrinsic curvature using VxY = VxY + B(X,Y):

VxVyW = Vx(VyW) — B(X, VyW)
= Vx(VyW — B(Y,W)) — B(X,VyW)
= VxVyW — Vx(B(Y,W)) — B(X, VyW).
Taking the inner product with Z € TN:
(VxVyW, Z) = (VxVyW, Z) - (Vx(B(Y,W)), Z) - (B(X,VyW), Z)

————
=0, BLTN

= (VxVyW, Z) + (B(Y,W), VxZ) (Weingarten, Theorem 9.8)

= (VxVyW, Z) + (B(Y, W), B(X,Z) + VxZ)
N——
eTN

= <VXVYWa Z> + <B(Y’ W)7 B(X’ Z)>’

where the last step uses B(Y, W) L TN. Subtracting the analogous expression with X replaced by ¥
and using [X, Y], = 0 to identify

VxVyW - VyVxW = R(X, Y)W, VxVyW — VyVxW = R(X, Y)W,

yields the Gauss equation. O

Definition 9.17 (Weingarten map). Let N C (M, g) be a co-oriented hypersurface with unit
normal A. The Weingarten map is the linear endomorphism

Ly:T,N — T,N, L,(X) = (VxA)T.

The Weingarten map is well-defined: Vx# has no normal component since ||A]| = 1 implies (Vx#i, i) =
3X([I1A]1%) =0, so (VxA)" = Vxh.
Combining the Weingarten map with the alternative form of b from (9.3) we obtain

b(X,Y) = —(Vxh, Y) = —(L(X), Y).
Since b is symmetric (Theorem 9.4 (¢)), so is L with respect to g:
(L(X),Y) = (X, L(Y)).
Hence L, is a self-adjoint endomorphism of 7}, N and its eigenvalues are real.

Definition 9.18 (Principal, Gauss, and mean curvatures). Let L, be the Weingarten map at p € N,
with eigenvalues k1(p), ..., kn(p) € R. We call:

* the eigenvalues k;(p) the principal curvatures at p;
* the determinant Kgaues(p) := det L, = k1(p) - - - kn(p) the Gauss curvature;
* the normalized trace H(p) = % trL, = %(lq(p) + -+ k,(p)) the mean curvature;

* p an umbilic point if k1(p) = - - = k,(p).
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Special case: surfaces in 3-space. If N 2c Misa hypersurface, L, has two eigenvalues k1, k2, so
KGauss = k1k2. The Gauss equation (Corollary 9.11) then reads

E(P) = K(p) +KGauss(p)a

where K(p) is the intrinsic sectional curvature of (N, §) at p and K (p) is the sectional curvature of the
ambient M along T, N. Note that Kgauss = det L, is defined extrinsically, via the Weingarten map, so a
priori K and KGauss are different quantities. When the ambient space is flat (K = 0, e.g. M = R3), the
Gauss equation forces K = KGauss: the extrinsically-defined Gauss curvature turns out to be intrinsic.
This is Gauss’s Theorema Egregium, see Remark 9.12.

Level-set hypersurfaces. If N C M is given as a regular level set { f = ¢} with df|y # 0, then the unit
normal and scalar second fundamental form are

grad f _Hess f(X,Y)
llgrad 1’ llgrad £l

where grad f = (g%° dp f) 8, is the metric gradient (Definition 3.20) and

A= b(X,Y) =

Hess f :=Vdf

is the Hessian, with components (Hess f)qp = Biﬁ f-rk 5Ok S These formulas are derived in
Exercise 11.1, which also shows that Hess f is symmetric and that Hess (X, X) = % (fo y(t))|
along the geodesic y (1) = exp,, (rX).

Lie-derivative formula. More generally, one can show that

t=0

b=-1rsg,

where L; is the Lie derivative along /i (extended to a vector field on a neighborhood of N).

We consider now graph hypersurfaces. A graph {t = f(x)} is a globally co-oriented hypersurface of
Euclidean space, for which the above quantities specialize to explicit formulas. Since the ambient
space is flat, the Gauss equation determines the intrinsic curvature entirely from b (a concrete instance
of the Theorema Egregium discussed above).

Lemma 9.19 (Curvature of a graph submanifold). Let f: R* — R be smooth and let M, =
{(t,x) € R™ . ¢t = f(x)} ¢ (R"™!, gE) be its graph, with induced metric §. Then, in the
coordinates (x!,...,x") on M:

8ij=0ij+0if0;f,
0;0;
bij = —]f,
V1+|VfI?
= _ 0i0kf0;01f = 0i01f 3Ok f
ijkl = 1+ |Vf|2 P

where b;; is the scalar second fundamental form with respect to the coorientation 2 = (1 +

VA28, ~ 350, f 8,i), and [V fI? := (9, /).

Proof. See Exercise 10.3. O

10 JACOBI FIELDS AND COMPARISON THEOREMS
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10.1 SECOND VARIATION FORMULA

We have already seen (Corollary 6.43) that geodesics are locally length-minimizing: on sufficiently
short intervals, a geodesic realizes the distance between its endpoints. However, this fails on long
intervals. A great circle on the sphere is a geodesic, but going more than halfway around it no longer
minimizes distance.

The second variation of length is the tool that detects this failure: y is no longer length-minimizing on
[a, b] as soon as we can find an endpoint-fixing variation ¢, with ;—;f (ds)|s=0 < 0. We will use this
in the Theorems from Bonnet—Myers and from Cartan—Hadamard to deduce topological properties
from curvature.

Theorem 10.1 (Second variation of length). Let y: [a,b] — (M, g) be a geodesic parametrized
by arc length (||y]| = 1), and let ¢: (—&, &) X [a, b] — M be a variation of y (i.e. ¢o(7) = y(z)). Set
X := 0¢/ds, the variation vector field. Then

b

= <VXX’ ’Y>
s=0

d2 b L . .
S99 o [ (1951 - RO X330 )

a

where X+ := X — (X, y) y is the component of X perpendicular to y.

The proof requires a few preliminary identities. Set 7' := d¢/0t.
Lemma 10.2 (Commutation identities for variations). With T, X as above:
(@) [ =0, hence V7 X = VxT.

(b) (VxVrX, T) = (VrVxX, T) - R(T, X, T, X).

Proof. (a) Since T, X are pushforwards of the commuting coordinate fields 8/, 3/ds and using (5.1):

[T, X] =d¢([8/0t, 8/ds]) =

Torsion-freeness of V then gives V7 X — VxT = [T, X] = 0.
(b) By the definition of R and using [X,T] = 0:

R(X,T)X = VxV7X — V7VxX.

Taking the inner product with 7 and using the identity R(A, B, C, D) = g(R(A, B)D, C) (symmetries
of R, Theorem 8.9):

(VxVrX,T) = (VrVxX,T) =(R(X,T)X,T) = R(X,T,T,X) = -R(T, X, T, X). O

Lemma 10.3 (First derivative of length, general 5). Let ¢ : (—¢, &) X [a,b] — M be a variation
with T := d¢ /0t nonvanishing. Then for all s € (—¢, ¢):

d (ViX, T)
MS / &

Remark 10.4. At s =0, T =y, and if ||| is constant, integration by parts recovers the first-variation
formula (6.4). The unintegrated form above is needed because we will differentiate once more in s to
obtain the second variation, which requires an expression valid in a neighborhood of s = 0, not just at
the single point.
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Proof. Differentiating €(¢5) = fab V(T,T)dt in s:

Loy = /b% L
d a 2A[T.T) ds ’
P(VxT, T)
« Il
P(ViX, T)
« I

dr

dr,

using metric compatibility in the second line and Lemma 10.2 (a) in the third. O

Lemma 10.5 (Perpendicular component of V; X at s = 0). Ats=0

IV X411 = IV, X117 = (V5 X, 7)%.

Proof. Ats =0,T|s=0 =7y and ||y|| =1, s0 X* = X — (X, y) y. Differentiating along y and using that
Vv = 0 (geodesic):
VyXJ' = V),X - <V7X, ’y> ’)/ = (V;},X)J',

where the last equality is the orthogonal decomposition of V; X with respect to y. Taking the squared
norm:
IV X012 = 175 X017 = 1V X112 = (V5. X,7)%,

where the last equality uses the Pythagorean identity for the decomposition. o
We are now ready to prove Theorem 10.1.

Proof of the theorem. By Lemma 10.3,

d (VrX, T)
5 {(s) / &

We differentiate the integrand once more in s using the quotient rule. Using metric compatibility and
2Tl = (VxT, T)/IIT:

9 ((VTX, T)) _AVXVTX, T) + (V7 X, VxT) (V7 X,T)(VxT,T)
as\ T 71l I7°

Now apply Lemma 10.2: part (a) gives VxT = VrX, and part (b) gives (VxVrX,T) = (V7 VxX,T) —
R(T,X,T, X). Substituting:

9 (<er,T>) _(VrVxX,T) = R(T, X, T, X) + ||VeX|>  (VrX,T)?
as\ Tl Il I7°

Evaluating at s = 0, where T =y, ||IT]| = 1, and V;y = 0:
o (VyVxX,7) =7((VxX, 7)) — (VxX,V;7) = 7((VxX, 7)), by metric compatibility.

o [|IV; X112 - (V3X,7)% = |[Vy X%, by Lemma 10.5.

Kl ((VTX, T>)
as\ Tl

Integrating over ¢ € [a, b]: the first term is a total 7-derivative and integrates to the boundary term

Combining:

=y((VxX, 7)) + IV X*|I> = R(¥, X, 7, X).
s=0

(VxX, )‘/)|Z. This gives the second variation formula. m|
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Consider the following special case.
Let y: [0,1] — M be a geodesic with ||y|| = 1, and let Z be a parallel unit vector field along y with
Z 1y (soVyZ=0and |Z]| =1). Let f: [0,1] — R be smooth. Define the variation

¢(s,1) = exp, (s f(2) - Z(1)).

(Side note: we are using essentially the same variation in Lemma 6.26/exercise 6.3. a)
For each fixed #, the curve s +— ¢(s, 1) is a geodesic with initial velocity f(¢)Z(¢). The variation vector

field at s = 0 is

xw=2 =0 z0).
0

=

Two simplifications:

* Since each s-curve is a geodesic, VxX = 0, so the boundary term in the second variation formula
vanishes.

* Since X = fZ with Z parallel, V;, X = fZ, and since Z L 7, this is also perpendicular to ¥, hence
X+ =Xand
IVy X412 = 11fZI1% = /2,

For the curvature term, using ||y|| = ||Z|| =1and Z L ¥ (so ||y A Z||*> = 1):
R(. X.7.X) = f*R(7.Z.7.Z) = [*K(}. Z).
Plugging into the second variation formula:

d2
2 £(¢s)

o - /Ol(f‘2 Ky, 2) f2) dt. (10.1)

s=0

Remark 10.6. Interpretation and connection to Bonnet—Myers

The integrand f2 — K f? trades off oscillation in f against positive curvature along y: rapid oscillation
makes £(¢5) increase to second order, while positive curvature makes it decrease. Concretely, on $2,
a great-circle arc longer than 7 fails to minimize length: taking f(7) = sin(nz) and Z a parallel field
perpendicular to the arc produces j—;f |s=0 < 0. The Bonnet—Myers Theorem below turns this into a
global theorem, which converts the sectional-curvature input into a Ricci-curvature bound and forces
diam(M) < n/a.

Theorem 10.7 (Bonnet—Myers). Let (M", g) be a complete, connected Riemannian manifold
with Ricci tensor bounded below by some a > 0:

Ric(X,X) = a*(n-1) || X2 forall X e I'(TM).

Then diam(M, g) < 7/a; in particular, M is compact.

Remark 10.8. The bound is sharp: the sphere of radius 1/a has Ric = a?(n — 1) g and diameter exactly
n/a.

(Lecture 12)

Proof of Theorem 10.7. Suppose for contradiction that diam(M, g) > n/a. Pick p,q € M with ¢ :=
d(p,q) > n/a. By Hopf—Rinow, Theorem 7.2 there exists a length-minimizing geodesic y: [0,¢] —
M with [ly]l = 1, ¥(0) = p, y(£) = q. We derive a contradiction by constructing endpoint-fixing
variations of y with negative second variation.
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Step 1: parallel frame. By Lemma 6.10, there exists a parallel orthonormal frame {E, ..., E,_1, 7}
along y, i.e. VyE; = 0 and {E;}"7! is orthonormal and perpendicular to y at each point.
Step 2: test variations. For eachz =1,...,n—1, define

60 (s.0) = exp (s f(0) - Ei(n),  f(1) =sin(F).

Since f(0) = f(£) = 0, each variation fixes the endpoints. By the test-variation formula (10.1) derived
earlier,

d ‘o 2
= (4" = ~K(7,E) f2) dt
G| = [ -kGE)
Step 3: integration by parts. Since f = —(n/£)?f and f vanishes at the endpoints, integration by parts
gives
- ¢ 22 rt
/ fzdt=—/ ffde= —2/ f2ds.
0 0 = Jo
Hence e ,
= (oW - 2 _ gy EY) 2
elCUI /0 (2 - KG.E) £
Step 4: summing over i. Summingoveri = 1,...,n—1and using Zl'-’:_ll K(y,E;) = Ric(y,y) = a*(n-1):
n—1
d2 i) ¢ 72(n-1) IS 2
d_ ) o ‘/0 (T - RlC(%?’)) fode

i=

n—1)/ fdt

since £ > n/a gives n?/t?> < a®. Hence at least one i has —5 (¢ l))l s=0 < 0, contradicting the
assumption that y is length—minimlzlng. o

2

10.2 EINSTEIN MANIFOLDS AND HOMOGENEITY

The Bonnet—Myers bound is attained by the sphere, where Ric = a?(n — 1) g is a constant multiple of
the metric. This proportionality is the defining feature of an important class of manifolds.

Definition 10.9 (Einstein tensor and Einstein manifolds). The Einstein tensor of (M, g) is the
(0, 2)-tensor
G :=Ric - % Sg,

where S is the scalar curvature. A Riemannian manifold (M, g) is called an Einstein manifold if
there exists a smooth function A: M — R with Ric = A g.

Lemma 10.10 (Properties of the Einstein tensor and Einstein manifolds).  (a) The Einstein tensor
is divergence-free: in local coordinates,

gab ViGpe = 0.
(b) If (M, g) is an Einstein manifold of dimension dim M > 3, then A is constant on each
connected component of M.

(c) If (M, g) is a connected Einstein manifold with dim M = 3, then (M, g) has constant
sectional curvature.
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Proof. See Exercise 11.2. O

Remark 10.11. In general relativity, a vacuum region of spacetime is modelled by a Lorentzian manifold
satisfying G = A g, where A is the cosmological constant. By parts (b) and (c) of the lemma, non-trivial
vacuum spacetimes exist only in dimension > 4.

Highly symmetric manifolds are automatically Einstein. To state this precisely, we first define a notion
of symmetry.

Definition 10.12 (k-homogeneous Riemannian manifold). Let (M, g) be a Riemannian manifold
and k > 1 an integer. (M, g) is called k-homogeneous if for any two k-tuples (p1, ..., px) and
(g1, - - -» qx) in M* satisfying disty (p;, p;) = diste(g:, q;) for all i, j € {1,..., k}, there exists an
isometry F: M — M with F(p;) = g; for alli. The case k = 1 recovers the usual notion of a
homogeneous Riemannian manifold (Exercise 8.2).

Lemma 10.13 (Properties of k-homogeneous manifolds). Let (M, g) be a Riemannian manifold.

(a) If (M, g) is k-homogeneous for some k > 2, then it is also (k — 1)-homogeneous. In
particular, every k-homogeneous space is complete.

(b) If (M, g) is 2-homogeneous, it is isotropic (Exercise 8.3). If moreover dim M > 3, then
(M, g) is Einstein (Definition 10.9): Ric = A g for some A € R.

(c) If (M, g) is 3-homogeneous, then it has constant sectional curvature.

Proof. See Exercise 12.2. O

10.3 JACOBI FIELDS AND CONJUGATE POINTS

Let (M, g) be a complete Riemannian manifold and p € M. We want to understand when exp,, stops
being a diffeomorphism. There are two possible failure modes:

* Global failure (not injective): e.g. on the cylinder, two distinct vectors in 7, M can have the same
exponential image.

* Local failure (differential degenerates): the map dexp |,: T(T,M) — Texp,, (v) M fails to be invert-
ible for some v € T, M.

In this section we focus on the local failure. By the Gauss lemma (Lemma 6.35), dexp, |v is the identity

on the radial direction, so dexpp |v(w) = 0 forces w L v. Geometrically, the kernel of dexpp |v

measures, infinitesimally, families of geodesics starting at p that reintersect at exp  (v).
To study this, fix v € T, M and let y(r) = expp(vt). For a smooth curve w: (-€,e) — T, M (i.e. a
curve in the tangent space, parametrizing a family of tangent vectors at p) with w(0) = v, the map

B(s.1) = exp,, (w(s) 1)

defines a variation of y in which each s-curve t — ¢(s, 1) is a geodesic from p with initial velocity
w(s). (A very similar variation appears in Lemma 6.26, Exercise 6.3(a).) Taking the linear family
w(s) = v +swq for wy € T, M, the variation vector field at 7 = 1 is

9¢

=dexp | (wo).
95 (5.4)=(0.1) P

Hence understanding when dexp,, |, has nontrivial kernel reduces to understanding when variation
vector fields of geodesic variations vanish at 7 = 1.
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Since each s-curve of ¢ is a geodesic, the geodesic deviation equation (Lemma 8.11) applies and the
variation vector field X = d¢/0s satisfies

ViViX —R(T,X)T =0, T =0ad/or.
This motivates the following definition.

Definition 10.14 (Jacobi vector field). Let y: [0,£] — (M, g) be a geodesic. A vector field J along
y is called a Jacobi vector field if it satisfies the Jacobi equation

ViVyJ = R(y,J)y =0. (10.2)

This is a second-order linear ODE; a solution is uniquely determined by the initial data J(0) and
V,J(0).

In dimension 2, writing the metric in geodesic polar coordinates as g = dr? + £(r, 6)% d6?, the Jacobi
equation reduces to the scalar ODE 92 f + K f = 0, where K is the Gauss curvature (Exercise 10.1).

Remark 10.15. By the geodesic deviation equation (Lemma 8.11), the variation vector field X = d¢/ds
of any variation by geodesics is a Jacobi field. We will see later (Lemma 10.20) that the converse also
holds: every Jacobi field arises as the variation vector field of some variation by geodesics.

Example 10.16 (Trivial Jacobi fields). * Along any geodesic v, the field J(7) = (Ar + B) y(¢)
is a Jacobi field for any A, B € R. Indeed, V;J = Ay, hence V;V;J =0, and R(y,y)y =0
by antisymmetry, so (10.2) holds. In particular, y and ¢ y are Jacobi fields.

* On (R", gg), the curvature vanishes (R = 0) and the Levi-Civita connection reduces to the
standard directional derivative (Flk] = 0), so the Jacobi equation becomes

O:VYVYJ—R()/,J))/:J

Integrating twice, all Jacobi fields are of the form J(¢) = ¢ V; + V, with Vo, V; € R” constant.

We introduce the notation J := V;J.

Lemma 10.17 (Tangential component of a Jacobi field is afine). Let J be a Jacobi field along a

geodesic y. Then
32
S =0,

so (J,y)(t) = At + B is an affine function of 7.

Proof. Since v is a geodesic, Vyy = 0. By metric compatibility,

d :
EU,)") = (V3. 7) + (L, Vyy) = (. 7).

Differentiating once more and using the Jacobi equation (10.2):

d? .
F(']?’)/) = <V7J77/> = <R(77J) y97> = 07

where the last equality holds by the antisymmetry of R in its last two arguments. o
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Corollary 10.18 (Perpendicular Jacobi fields stay perpendicular). Let J be a Jacobi field along a
geodesic y. If J(0) L ¥(0) and J(0) L ¥(0), then J(z) L y(¢) for all z.

Proof. By Lemma 10.17, f(t) := (J(t), 7(t)) = At + B for some A, B € R. The hypotheses give

B=f(0)=(J(0),7(0))=0, A= f'(0)=(J(0),7(0)) =0,

where we used %(], y) = (J,¥) from the proof of Lemma 10.17. Hence f = 0, i.e. J(t) L y(¢) for all
t. O

Remark 10.19 (Dimension count of Jacobi fields). The space of Jacobi fields along 7y is 2n-dimensional,
parametrized by the initial data (J(0), J(0)) € Ty ()M X Ty()M. By Corollary 10.18 and Lemma 10.17,
this splits as
2 + 2=1)
—_—— —_—
tangential: (A7+B) y perpendicular: J 1y

Restricting further to Jacobi fields with J(0) = 0 removes n degrees of freedom (the choice of J(0)),
leaving an n-dimensional space; the perpendicular ones among these form an (n — 1)-dimensional
subspace (since the unique tangential Jacobi field with J(0) = 0is 7 - y, up to scaling).

Hence the interesting Jacobi fields are those perpendicular to y: the tangential part is a trivial (A7 + B)y
that carries no curvature information, so we restrict our attention to Jacobi fields J L y from now on.

Lemma 10.20 (Jacobi fields come from variations by geodesics (restricted version)). Lety : [0, €] —
M be a geodesic and let J be a Jacobi field along y with J(0) = 0. Then there exists a variation by
geodesics

¢:(—€,€)x[0,£] > M, #(s,0) =y(0) for all s,

whose variation vector field along y recovers J:

29 -
ds s=0

Proof. Let p = y(0), v = 7(0), and define W : (—¢, €) — T,M by
W(s) =v+s-J(0),
so W(0) = v and W’(0) = J(0). Set
¢(s,1) :=exp,(W(s) - 1).

Then ¢(s,0) = p for all 5, and for each fixed s the curve ¢ — ¢(s, 1) is a geodesic from p with initial
velocity W(s). So ¢ is a variation by geodesics, and

T a¢ ’
J(1) = a(o, 1)=dexp, |, (W (0) 1)
is a Jacobi field along y by the geodesic deviation equation (Lemma 8.11).

By uniqueness of solutions to the Jacobi equation, it suffices to verify that J and J have the same initial
data:

* J(0) =dexp, |,(0) = 0=J(0).

. .7(0) =W’ (0) = J(0), since dexpp |0 =id (Lemma 6.23).
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Hence J = J on [0, £]. O

Remark 10.21. The hypothesis J(0) = 0 is essential to this construction, since the variation ¢ (s, 1) =
exp, (W(s) - 1) has all geodesics starting at the same point p, forcing J(0) = 0. The general case
(J(0) # 0) also holds — every Jacobi field is the variation vector field of some variation by geodesics —
but the construction is more involved and requires varying the starting point as well.

By Lemma 6.10, there exists an orthonormal frame {Ej, ..., E,} along y that is parallel (V,E; = 0)
with E; collinear with y. Relabel the perpendicular partase; := E;q fori=1,...,n—1,s0 {¢; l’.‘:‘ll is
a parallel orthonormal frame along y with e; L y.

For a Jacobi field J = J'e; perpendicular to ¥, since the frame is parallel:
V)',J:ji e, V7V7~J=]'iei.
Expanding the Jacobi equation in this frame:
0=V =R, )7 =T e; =T R, e1) 7 = J* ex = (R(3, ei) ¥, ex) I ex,

where in the last step we expanded each vector R(y, ¢;) ¥ in the orthonormal basis {e }. Reading off
the ex-component yields the system of ODEs

J v akJi =0, ak = —(R(y,e:) 7, ex) = R(¥,ei, 7, ex). (10.3)

The matrix (af) is symmetric (by the pairwise symmetry of R) and depends only on the curvature
along y.

Definition 10.22 (Conjugate point). Let y: [a,b] — M be a geodesic and #,#; € [a, b] with
to # t1. The point y(#1) is said to be conjugate to y(to) along y if there exists a nonzero Jacobi field
J along y with J(#9) = 0 and J(#1) = 0. The multiplicity of y(t1) as a conjugate point is the number
of linearly independent such Jacobi fields.

Remark 10.23. The multiplicity is at most n — 1: any Jacobi field with J(7)) = J(#1) = 0 must be
perpendicular to y (since the tangential part (Az + B)y can vanish at most once unless identically zero),
and the space of perpendicular Jacobi fields with J(#y) = 0 is (n — 1)-dimensional.

Example 10.24 (Conjugate points on the round sphere). On the round sphere S”, the conjugate
point of p along any geodesic from p is the antipodal point —p, with multiplicity n — 1.

Remark 10.25. If y: [0,£] — M is a geodesic with y(0) = v, then for depr |

tv’

dim ker = multiplicity of y(7) as a conjugate point of y(0).
(Lecture 13)

Theorem 10.26 (Conjugate points obstruct length minimization). Let y: [0,£] — (M, g) be a
geodesic. If there exist 79, 1 € (0,¢) with 7y < 71 such that y(#9) and y(#1) are conjugate along v,
then 1y is not length-minimizing between y(0) and y(¢).

Example 10.27. On the round sphere S”, any great-circle arc longer than 7 (i.e. extending past an
antipodal pair) is not length-minimizing.
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Proof. Without loss of generality ||| = 1. Let J be a nonzero Jacobi field with J(79) = J(#1) = 0. We
construct an endpoint-fixing variation ¢ of y such that

d2
@ g(‘p&‘) < Oy

s=0

the first variation vanishes automatically since y is a geodesic.
Step 1: a first attempt with ¥ from J. Define the continuous, piecewise-smooth vector field along y

7() = {Jm, t € [1o,1],
0, t € [0,10] U [11,€],

and let ¢(s,1) == exp_, (s Y()). This is smooth in s, piecewise smooth in 7, and the variation formulas
extend to such variations. The variation vector field at s = 0 is X|s—¢ = Y, and since each s-curve
s — ¢(s,1) is a geodesic, Vx X = 0 at s = 0. By the 2nd variation formula:

2

d
@ €(¢s)

L
_ /O (IV,712 = RG.Y.7.7)) di
s=0
151
- / (9,712 = RG. . 3,0)) .
to

Step 2: this first attempt gives zero. Using the Jacobi equation V;VyJ = R(y, J)y and integration by
parts (noting J(to) = J(t1) = 0):

t 151
/||v7-J||2dt=/ (%(V);J,J)—(Vyv);],]))dt

to to

t t
:O—/1<R(’)'/,J)’)'/,J>dt=/1R(7,J57’J)dt'
to

o

Hence (f—; €(¢S)|S=0 =0.

Step 3: smoothing the corner at 71 makes the second variation strictly negative. The issue is the corner
of Y at ¢ = ;1 (and similarly at #y). Note J(#;) # 0 (recall / := V;J), otherwise J = 0 by uniqueness. For
small § < & < 1, replace Y on [t; — 6, 11 + €] by a linear interpolation:

Y(l), t¢[l‘1—(5, l1+8],

Y(t) = .(l‘1+8)—t

Y(t1 —6) 5 tet -6, t1+e&].

Taylor expansion gives ||Y (t; — 6)|| = ||/ (t1)|| - § + O(6%), so ||Y = ¥||(¢) < 6 uniformly. Set ¢(s,1) =
eXp,, (s (s Y(t)), which agrees with ¢ outside [t; — 6,1 + &].

Step 4: comparing the second variations. The difference ;—;f (ds)|s=0 — ;—Szzf (¢s)]s=0 is an integral over
[t1 — 6,11 + £]. The curvature term contributes at most O (8):

n+e
/ (R(y,Y,7,Y) = R(y,Y,7,Y))dt| < 6,
t1—906

since the integrand is bounded by |K| - ||[Y = ¥|| - (V|| + [|¥]]) < 6. The kinetic terms give the dominant
contribution: on [#; — 8, 11],

j oo (@)l
IV5Y = 1l +0). V371l = ==~ 5 +0(2).
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while on [1,71 + €], V;¥ =0and |V, ¥ = ”j‘(;ii;” % 4 O(%Z). Combining,

n+e&
/ ) (VY112 = IV T(1?) dr = =[lF (20)11? + O(£6).
n-

Hence, for 6 < & < 1:

2
%f(q;s) =0—|lJ(t)|*> +0(&6) + O(6) < 0. O

s=0

We have the following comparison principle: larger curvature produces smaller Jacobi fields. Indeed, the
scalar equation "'+ K f = 0 in the theorem below is the Jacobi equation (10.2) in dimension 2, written
for the amplitude in a parallel normal frame.

Theorem 10.28 (Sturm’s comparison theorem). Let f. f:10,£] — Rsatisfy f” + K f = 0 and
7 +K f=0with K, K € C°([0, £]), and assume

f(0)=f0)=0,  f(0)=7(0) >0 f#00n/(0,¢].
IfK(t) > K(¢) forall € [0, £], then

f() < f() onlo0,4].

The higher-dimensional generalization of Theorem 10.28, replacing the scalar ODE by the full Jacobi
equation, is:

Theorem 10.29 (Rauch comparison theorem). Let y: [0,a] — M" and ¥: [0,a] — M" (0 > n)
be unit-speed geodesics, and let J, J be Jacobi fields (Definition 10.14) along them with

JO0)=J(0)=0,  (J(0),7(0)) = (J(0),5(0)),  IF(O)|| = lF(O)Il.
Assume ¥ has no conjugate points (Definition 10.22) on (0, a], and that for all V € T, )M,
V (S Ty(,)ﬂ,
K(V, (1) = K(V,7(1)).

Then ||J(¢)|| < ||[J(2)| for all # € [0,a]. Moreover, if ||J(a)|| = ||[J(a)||, then K(J(2),7(?)) =
K(J(1),5()) for all t € [0, a].

Rauch (Theorem 10.29) is an infinitesimal comparison statement (Jacobi fields encode first-order
deviation of geodesics). The corresponding statement for finite geodesic triangles is:

Theorem 10.30 (Toponogov’s theorem). Let (M, g) have sectional curvature K > p for some
p € R. Let Apgr be a geodesic triangle in M with pg a minimal geodesic (and, if p > 0,
t(pr) < m/+/p). Let A, g, be the comparison triangle in the model 2D space of constant
curvature p, defined by

t(p'q’) =tpq), €p'r')=LC(pr), Lypr = Lypr.

Then ¢(gr) < €(q'r’).

10.4 THE CARTAN—HADAMARD THEOREM

We now study the topology of manifolds with non-positive sectional curvature. The key analytic input
is that Jacobi field norms grow convexly.
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Theorem 10.31 (Convexity of Jacobi field norm). Let (M, g) have sectional curvature K < 0 and
let y be a geodesic. Then for any Jacobi field J along v, the function ¢ — ||J(7)]| is convex.

Proof. First, ||J]|? has convex second derivative:

d2
37 W12 =249 V50, 1) + 211V, |

=2 (R 7, D+2IVHII1P > 2(IV5711%
—_————
>0 (since K<0)
where we used the Jacobi equation and the sign of the curvature term: (R(y, J)y,J) = =K(y,J) [y A
JII* > 0.
For ||J]] itself, the chain rule gives

2 2
RPN L G L 2 G2
dr? 2{/1 4712 7 Wl [
where the last inequality is Cauchy—Schwarz: (V;J, J)2 < ||V J|1% - || 7]|% m]

Theorem 10.32 (Exponential map is length non-decreasing in non-positive curvature). Let (M, g)
be complete and connected with K < 0. Then for all p € M and all v, w € T, M,

dexp,, [, (W)l > lIwll.

In particular, dexp, |, is injective for every v, so exp ,: T, M — M is a local diffeomorphism.

Proof. For the variation ¢(7, s) = exp p(t(v + sw)), the variation vector field J(¢) := ?T?k:o is a Jacobi
field along the geodesic t — exp ,(tv), and

J(@) = dexpp |tv(tw),

with J(0) = 0and J(0) = w (the latter computed in normal coordinates around p, using d exp o= id).
By Theorem 10.31, 7 — ||J(#)]| is convex. A convex function f with f(0) = 0 satisfies f(¢) >t f'(0%)
fort > 0, so

IO = - 17O =1-[wl.

Evaluating at 7 = 1: ||dexpp ’V(W)H =[|J(D)]] = [w]l. O

Definition 10.33 (Smooth covering map). A smooth map 7: N — M between smooth manifolds
is a smooth covering map if every point ¢ € M has an open neighborhood U whose preimage (U)
is a disjoint union of open sets {U; };cs in N, each mapped diffeomorphically onto U by x:

') =| |0

iel

Theorem 10.34 (Cartan—Hadamard). If (M, g) is connected, complete, and has K < 0, then
exp,: TpM — M is a smooth covering map for every p € M.

Remark 10.35. Topological consequences

* If M is simply connected, then exp » is a diffeomorphism, so M = R".

* In particular, no compact, simply connected manifold of dimension > 1 admits a metric with
non-positive sectional curvature.
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10.5 THE DIVERGENCE AND THE DIVERGENCE THEOREM

Recall the volume form dV, and the integral fM hdV, from Section 3.2. We can now define the
divergence operator and state the Riemannian divergence theorem.

Definition 10.36 (Divergence). The divergence of a vector field X € I'(TM) is div X := tr(VX) =
(ViX)'. For a 1-form w, set divw := div(w!) = gV (V,w);.

See also Example 4.24 and Lemma 10.10(a).

Lemma 10.37 (Divergence theorem). Let (M, g) be a Riemannian manifold, w a smooth 1-form
on M, and Q ¢ M an open domain with compact closure and piecewise smooth boundary 9€.
Let i denote the outward unit normal and g the induced metric on Q. Then

/diva) dVy = / w(i) dVs. (10.4)
Q oQ
Moreover, in any local coordinate system,

divw = ! 3¢ detgw;).

Proof. See Exercise 13.3. m
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